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linear systems and row reduction

linear combinations, existence of solutions
linear independence

linear transformations

matrix operations and inverse

determinants

abstract vector spaces

basis and coordinates

dimension and rank

change of basis

eigenvectors, eigenvalues and diagonalisation

length, orthogonality, least squares, regression

orthogonal sets, orthogonal projections, orthogonal matrices

diagonalisation of symmetric matrices (from 2018)

Much of the material here comes from previous LinAl teachers at HKBU, and from our official
textbook, “Linear Algebra and its Applications” by Lay. Thank you also to my many teachers,
co-teachers and students; your views and ideas are incorporated in this retelling.
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What is Linear Algebra?

Linear algebra is the study of “adding things”.

In mathematics, there are many situations
where we need to “add things” (e.g. numbers,
functions, shapes), and linear algebra is about
the properties that are common to all these
different “additions”. This means we only need to study these properties once,
not separately for each type of “addition” (better explanation in Week 7).

Because so many problems require “adding things”, linear algebra is one of the
best tools in mathematics.

(picture from mememaker.net)
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The concepts in linear algebra are Major Requirements for Graduation:

important for many branches of
mathematics:

Core Courses (3 units each):
MATH1005 Calculus |

MATH2225 Calculus Il

MATH2205 Multivariate Calculus
MATH2206 Probability & Statistics
MATH2207 Linear Algebra
MATH2215 Mathematical Analysis

All these classes list Linear Algebra MATH2216 Statistical Methods and Theory

as a prerequisite

(Info from math department website)| MATH3206 Numerical Methods |
MATH3405 Ordinary Differential Equations

MATH3205 Linear Programming and Integer Programming

MATH3805 Regression Analysis
MATH3806 Multivariate Statistical Methods

MATH4998 Mathematical Science Project |
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This class is about more than calculations. From the official syllabus:

Course Intended Learning Outcomes (CILOs):

Upon successful completion of this course, students should be able to:

No.

Course Intended Learning Outcomes (CILOs)

[Explain the concept/theory|in linear algebra, to develop dynamic and graphical
views to the related issues of the chosen topics as outlined in “course content,” and

to|formally prove theorems

Linear algebra is used in future courses in entirely different ways. So it's not enough to
know routine calculations; you need to understand the concepts and ideas, to solve
problems you haven't seen before on the exam. This will require words and not just

formulae.

For many people, this is different from their previous math classes, and will require a lot

of study time.

(Week 1 is straightforward computation; the abstract theory starts in Week 2.)

HKBU Math 2207 Linear Algebra
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31.1: Systems of Linear Equations

Linear Algebra starts with linear equations.

Example: y = 5x + 2 is a linear equation. We can take all the variables to the
left hand side and rewrite this as (—5)z + (1)y = 2.

Example: 3(z; +2z2)+1=21+1 ——» (2)x1+ (6)z2 =0
Example: 2o = V2(v/6 —x1) + 23 ——— 221+ (Day + (=1)z3 = 2V/3

The following two equations are not linear, why?

To = 2./71 ry+x=e’ The problem is that the variables
are not only multiplied by numbers.

In general, a linear equation is an equation of the form

a1x1 + agxe + -+ + anx, = 0.
x1,T9,...T, are the variables. ai,as,...a, are the coefficients.
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A linear equation has the form a1x1 + asxs + ... a,x, = b.

Definition: A system of linear equations (or a linear system) is a collection of
linear equations involving the same set of variables.

Example: r +y = 3 is a system of 2 equations in 3
3z 1927 = -2 variables, xz,y, z. Notice that not every
variable appears in every equation.

Definition: A solution of a linear system is a list (s1, 82, ..., Sy,) of numbers that
makes each equation a true statement when the values s, so,...,s, are
substituted for x1, xo, ..., x, respectively.

Definition: The solution set of a linear system is the set of all possible solutions.

Example: One solution to the above system is (x,y, z) = (2,1, —4), because
24+1=3and 3(2) +2(—4) = —2.
Question: Is there another solution? How many solutions are there?
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Definition: A linear system is consistent if it has a solution,
and inconsistent if it does not have a solution.

Fact: (which we will prove in the next class) A linear system has either

e exactly one solution consistent
e infinitely many solutions consistent
e no solutions inconsistent

EXAMPLE Two equations in two variables:

X1 + x = 10 Xy — 2% = -3 X + X2 = 3

X1 + Xx2 = 0 2x1 — 4x, = 8 -2x1 — 2x» = -0
loxz 4x2 :2
8 3
6 2 2
4 1 __— % 1 \ )
2 -1 12 4 5 -1 T 2 iNa 5 ¢
one unique solution no solution infinitely many solutions

consistent inconsistent consistent
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le. ar +by+cz=d

EXAMPLE@uations in three@Each equation determines a plane in 3-space.

i) The planes intersect in | ii) The planes intersect in one |iii) There is no” point in common

one point. (one solution) | line. (infinitely many solutions) | to all three planes. (no solution)

Which of these cases are consistent?

consistent consistent inconsistent
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Our goal for this week is to develop an efficient algorithm to solve a linear system.

Example:
Ri xy - 20 = -1 . X1 — 2x = -1 Ri+ 2Ry — 11 = 3
Ry —x; + 3x3 = 3 Ry +Ri — x = 2 X = 2

X1 -10 -5 5 10

Definition: Two linear systems are equivalent if they have the same solution set.

So the three linear systems above are different but equivalent.
A general strategy for solving a linear system: replace one system with an

equivalent system that is easier to solve.
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We simplify the writing by using matrix notation, recording only the coefficients
and not the variables.

Ry X1 — 2x» = -1 . X1 - 2x» = -1 Ri+2Rs — x1 = 3
Ro —x; + 3x; = 3 Ro+ Ry — X, = 2 X, = 2
1 —2 | =1 1 -2| -1 1 013
-1 3 3 » 0 1 2 » 0 112
coefficient coefficient  right hand
of 11 of zo side
The augmented matrix of a linear system contains the right 1 =2 ‘ —1 }
hand side: | -1 3| 3
The coefficient matrix of a linear system is the left hand side [ 1 -2 }
only: | -1 3

(The textbook does not put a vertical line between the coefficient matrix and the right

hand side, but | strongly recommend that you do to avoid confusion.g
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Ry xy - 260 = -1 . x&1 - 2x2 = -1 Ri142R: — x1 =3
Ry —x; + 3x = 3 Ro+Ri —  x = 2 Xy = 2
1 —2| =1 1 -2 -1 1 013
—1 3 3 0 1 2 I 0O 1|2

In this example, we solved the linear system by applying elementary row operations
to the augmented matrix (we only used 1. above, the others will be useful later):
1. Replacement: add a multiple of one row to another row. Ri — Ri+cR;

2. Interchange: interchange two rows. R; — Rj, Rj — R;

3. Scaling: multiply all entries in a row by a nonzero constant. R; — cR;, ¢ # 0

Definition: Two matrices are row equivalent if one can be transformed into the
other by a sequence of elementary row operations.

Fact: If the augmented matrices of two linear systems are row equivalent, then the
two systems have the same solution set, i.e. they are equivalent linear systems.
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General strategy for solving a linear system: do row operations to its augmented matrix
to get an equivalent system that is easier to solve.

EXAMPLE:
Xi — 26 + xs = 0 | 1 -2 1q0
2X, — 8X3 = 8 0 2 -8 8
—4X; + 5% + 93 = -9 —4 5 91-9
X1 — 2X2 + X3 = 0 1 -2 1 0
2X, — 8X3 = 8 0 2 -89 8
— 3X2 + 13x3 = -9
X1 - 2% + X3 = 0 1 -2 1 0
Xo — 4x;3 = 4 0O 1 4714
— 33X + 13x3 = -9 0 -3 13 B9
X1 - 2% + X3 = 0 1 -2 110
Xo — 4x3 = 4 0 1 -4]4
X3=
X1 — 2X2 = -3 1 -2 0§3
X2 =
X3 = 3 0O 0 183
X1 =
X2 = 16 0O 1 0}l6
X3 = 3 0O 01183

Solution: (X19X2>X3):(2971693)

Check: Is (29,16, 3) a solution of the original system?



Warning: Do not do multiple elementary row operations at the same time, except
adding multiples of the same row to several rows.

These are NOT equivalent
systems: in the system on the

T, — 219 = right, 1 can take any value,
which is not true for the system
—x1 + 322
on the left.
1 -2 { ‘ <“—Ri + Ry
= Lo R+ Ry
X1 — 2x - -3 2 0 -3 <“— R — Rs
X 16 1 0|16 <+— Ry +4R3
X3 = 3 0 0 1|3
X1 ~ 20 [ 10 0/2
X 16 01 016
X3 = 3 0013
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Sometimes we are not interested in the exact value of the solutions, just the number
of solutions. In other words:

1. Existence of solutions: is the system consistent?

2. Uniqueness of solutions: if a solution exists, is it the only one?

Answering this requires less work than finding the solution.

Example: xio— 20+ x o= 0 1 -2 1,0
2x; — 8x3 = 8 0 2 -81]8
4x1 + Sx2 4+ 9x3 = -9 -4 5 99
x1 — 2x + X3 = 0 B 1 -2 1 0 ]
2x; —  8x3 = 0 2 -8 1|8
— 3x2 + 13x3 = -9 0 -3 13 |9
M- 200+ xmo= 0 [ 12 170 |
x2 — 4x3 = 4 0 1 —4
T s Buno= =9 | 03 1519 [ We can stop here:
Y, o~ 20 4 wm o= 0 [ 12 1o back-substitution shows
- B I R B that we can find a unique
w3 [0 01 solution.
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EXAMPLE: Is this system consistent?
T — 2$2 +3$3 =—-1
51’1 — 7I2 + 9333 =0

31’2 —6ZE3 =38



EXAMPLE: For what values of h will the following system be consistent?
r1 — 3x9 =4

—21’1 + 61’2 =h



Section 1.2: Row Reduction and Echelon Forms

Motivation: it is easy to solve a linear system whose augmented matrix is in reduced echelon form

Echelon form (or row echelon form):
1. All nonzero rows are above any rows of all zeros.

2. Each leading entry (i.e. left most nonzero entry) of a row is in a column to the right of the
leading entry of the row above it.

3. All entries in a column below a leading entry are zero.

EXAMPLE: Echelon iorms

.****_ _.**_
O N * O Wl «x
(a) (b)
0O 00O00O O Ol
0O 00O0O 0O 0O
_OI*********_
O OO x x *x * *x * x
(c) O OO0 O M x x x x % x
O OO0 O OO OMNM *x x %
O OO0 O OOO OMN x x

Reduced echelon form: Add the following conditions to conditions 1, 2, and 3 above:

4. The leading entry in each nonzero row is 1.
5. Each leading 1 is the only nonzero entry in its column.

EXAMPLE (continued):

Reduced echelon form :

_01*00**00**_
00010 % 00 % %
00O0O01 x 0 0 % x
0O00O0O0O0O0O0O010 *
000000001 %




EXAMPLE: Are these matrices in echelon form, reduced echelon form, or
neither?

S
—_
—_




¥io— 20 4 o [ 12 17]0 _ _
2y — fxs = 8 o 2 sls Here is the example from p10. Notice
v+ Sn o+ 9m o= -9 | 4 5 99 that we use row operations to first put
v - 2 4 m o 122 170 the matrix into echelon form, and then
2 - 8 2 8|8 into reduced echelon form.
— 3x; + 13x3 = -9 B -3 13 |-9 |
. - . Can we always do this for any linear
X1 - Ix + X3 0 1 -2 1 0
X2 - dxs = 4 0 1 4| 4 system?
— 3x; + 13x3 = -9 L 0 -3 13]1-9 ]
v o+ = 0 L2 10 lachelon form
x> — dxs 4 1 414
X3 3 0 113
x1 - 2% 3 [ 1 20]3 ]
X 16 0 1 0|16
x3 = 3 0 0 1 3
29 10020 reduced echelon form
X 16 0 1 16
X3 3 00 1|3
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Theorem: Any matrix A is row-equivalent to exactly one reduced echelon
matrix, which is called its reduced echelon form and written rref(A).

So our general strategy for solving a linear system is: apply row operations to its
augmented matrix to obtain its rref.

And our general strategy for determining existence/uniqueness of solutions is:
apply row operations to its augmented matrix to obtain an echelon form, i.e. a
row-equivalent echelon matrix.

Warning: an echelon form is not unique. lts entries depend on the row
operations we used. But its pattern of B and x is unique.

These processes of row operations (to get to echelon or reduced echelon form)
are called row reduction.
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Row reduction:

augmented matrix of linear — echelon ———» reduced
system form echelon
form
existence and solution set
uniqueness of
solutions

The rest of this section:
e The row reduction algorithm (p21-25);
e Getting the solution, existence/uniqueness from the (reduced) echelon form
(p26-29).

HKBU Math 2207 Linear Algebra Semester 2 2020, Week 1, Page 20 of 29

Important terms in the row reduction algorithm:
e pivot position: the position of a leading entry in a row-equivalent echelon
matrix.
e pivot: a nonzero entry of the matrix that is used in a pivot position to create
zeroes below it.
e pivot column: a column containing a pivot position.

The black squares are the B ]

0O M *x *x * x *x * *x * x
pivot positions. 0 00 M % + + % + % +
0 00 0 M * % * % % *
000 0 0 B o« x x
0 00 0 0 0O M x =
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Row reduction algorithm:

EXAMPLE:
0 3 -6 6 4|-5

3 =7 8 =5 8|9
1 -3 4 -3 2|5
1. The top of the leftmost nonzero column is a pivot position.

2. Put a pivot in this position, by scaling or interchanging rows.

1 -3 4 -3 2|5 Rs
3 =7 8 =5 8|9
0 3 -6 6 4|-5 Ry

3. Create zeroes in all positions below the pivot, by adding multiples of the
top row to each row.

1 -3 4 -3 2|5

0 3 -6 6 4|-5

4. lgnore this row and all rows above, and repeat steps 1-3.



1 -3 4 -3 2|5
0 2 -4 4 2|-6
0 3 -6 6 4|5

. The top of the leftmost nonzero column is a pivot position.

. Put a pivot in this position, by scaling or interchanging rows.

1 -3 4 -3 2|5

0 3 -6 6 4|-5

. Create zeroes in all positions below the pivot, by adding multiples of the
top row to each row.

1 -3 4 -3 2|5
0O 1 -2 2 1|-3

. Ignore this row and all rows above, and repeat steps 1-3.



-3 4 -3 2|5
1 -2 2 1|-3
0 0 0 1] 4

o O =

1. The top of the leftmost nonzero column is a pivot position.
2. Put a pivot in this position, by scaling or interchanging rows.

3. Create zeroes in all positions below the pivot, by adding multiples of the
top row to each row.

We are at the bottom row, so we don't need to repeat anymore. We have arrived
at an echelon form.

5. To get from echelon to reduced echelon form (back substitution):
Starting from the bottom row: for each pivot, add multiples of the row
with the pivot to the other rows to create zeroes above the pivot.

1 -3 4 -3 0|-3| R1—2Rs
o 1 -2 2 0|-7 Ry — R3
o 0 0 0 1| 4

0o 1 =22 0| -7

0 0 0 01| 4



Check your answer: www.wolframalpha.com

# WolframAlpha oo

mef{{0.3.6.6,4,5){3.-7.8,.-5.8 00.{1.3.4,-3,2 5} B

= B @ 2 Web Apps = Examples 22 Random

Input:

0 3 -6 6 4 -5
row reduce [3 -7 8 -5 8 9 ]
1 -3 4 -32 5

10 -230 -24
01 -220 -7 ]
oo 0 01 4
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Getting the solution set from the reduced echelon form:

A basic variable is a variable corresponding to a pivot column.
All other variables are free variables.

6. Write each row of the augmented matrix as a linear equation.

Example: 10 —230|-24 1 —2x3+3xy =-24
01 -2 2 0| -7 T —2;1;3—|-2x4 = —7
00 001| 4 T = 4

basic variables: x1,x2, x5, free variables: x3,x4.

The free variables can take any value. These values then uniquely determine the
basic variables.
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7. Take the free variables in the equations to the right hand side, and add
equations of the form “free variable = itself’, so we have equations for each
variable in terms of the free variables.

So the solution set is

Example: »; = —24 +225 —324 T —24 +2s —3t
To = —7 +2x3 —2x4 T —7 +2s =2t
I3 = I3 I3 = S
Ty = Ty Ty t
Iy = 4 Is5 4

where s and ¢ can take any value.

What this means: for every choice of s and ¢, we get a different solution:
eg s=0,t=1: (x1, 22,23, x4, 25) = (—27,-9,0,1,4)
s=1,t=—-1: (z1,x2,x3,74,25) = (—19,-3,1,—1,4)
and infinitely many others. (Exercise: check these two are solutions.)
We will see a better way to write the solution set next week (Week 2 p29-31, §1.5).
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Answering existence and uniqueness of solutions from the echelon form

Example: On pl4 we found

1 -2 3|-1 ) -2 3|-1
5 —7 9 0 row-reduction > 0 -6 5
0O 3 —6| 8 O 0 O |§|

The last equation says 0z 4+ Oxo + Ox3 = 3, so this system is inconsistent.
Generalising this observation gives us “half’ of the following theorem:

Theorem 2: Existence and Uniqueness:
A linear system is consistent if and only if an echelon form of its augmented
matrix has no row of the form [0...0|H] with B £ 0.

Be careful with the logic here: this theorem says “if and only if", which means it
claims two different things:
e |f a linear system is consistent, then an echelon form of its augmented matrix
cannot contain [0...0|H] with I # 0.

This is the observation from the example above.
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e If there is no row [0...0|H] with B £ 0 in an echelon form of the augmented
matrix, then the system is consistent.
This is because we can continue the row-reduction to the rref, and then the
solution method of p26-27 will give us solutions.

As for the uniqueness of solutions:

Theorem 2: Existence and Uniqueness:

If a linear system is consistent, then:

- it has a unique solution if there are no free variables;

- it has infinitely many solutions if there are free variables.

In particular, this proves the fact we saw earlier, that a linear system has either
a unique solution, infinitely many solutions, or no solutions.

Warning: In general, the existence of solutions is unrelated to the uniqueness
of solutions. (We will meet an important exception in §2.3.)
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Remember from last week:
Fact: A linear system has either
e exactly one solution
e infinitely many solutions
e no solutions
We gave an algebraic proof via row reduction, but the picture, although not a
proof, is useful for understanding this fact.

EXAMPLE Two equations in two variables:

Il
|
oY)

Xy + X2 = 3
72,\‘1 — 2,\‘2 = -6

x1 + x» = 10 X1 — 2x»

Il
0

X1 + x2 = 0 2x1 — 4x>

x2 X2 X2

4 4
3
2 2
1 1
e x1 x
-1 o 1 2 4 5 1 1 2 3\5
-1
X1 -
2 4 6 g 10 -2

ohe unique solution no solution infinitely many solutions

10

N ow o ®
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This week and next week, we will think more geometrically about linear systems.

1.4 Span - related to existence of solutions
L.5 A geometric view of solution sets (a detour)
1.7 Linear independence - related to uniqueness of solutions

We are aiming to understand the two key concepts in three ways:

e The related computations: to solve problems about a specific linear system
with numbers (Week 2 p10, Week 3 p9-10).

e The rigorous definition: to prove statements about an abstract linear system
(Week 2 pl5, Week 3 p13).

e The conceptual idea: to guess whether statements are true, to develop a plan
for a proof or counterexample, and to help you remember the main theorems
(Week 2 p13-14, Week 3 p3-5). This informal view is for thinking only, NOT

for answering problems on homeworks and exams.
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31.3: Vector Equations

A column vector is a matrix with only one column.

Until Chapter 4, we will say “vector” to mean “column vector”.

Ui
U2

A vector uis in R™ if it has n rows, i.e. u = ) [2]
Up, 1

Example: E] and E] are vectors in R?.

‘ l "

Vectors in R? and R3 have a geometric meaning: think of [Z] as the point (z,y)

in the plane.

HKBU Math 2207 Linear Algebra
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There are two operations we can do on vectors:

(05}
U

addition: ifu=| . | and v =

scalar multiplication: if u =

These satisfy the usual rules for arithmetic of numbers, e.g.

u+v=vV-++u,

HKBU Math 2207 Linear Algebra

Uy
U2

Unp,

clu+v)=cu+cv, Ou=0-=

U1 u1 + U1
U2 U2 + U2
 thenu+v =

U | | Up, + Upy
ey ]
CUu»

and c is a number (a scalar), then cu =

Cln,

0
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Parallelogram rule for addition of two vectors:
If u and v in R? are represented as points in the plane, then u + v corresponds to the fourth

. 0
vertex of the parallelogram whose other vertices are 0, u and v. (Note that O |: 0 ].)

1 2
EXAMPLE: Letu = 3 andv = 1

X2

X1



EXAMPLE:

1
Letu = |: ) :| Express u, 2u, and ‘—23u on a graph.

X2

~

w

N

=

X1

N

=

N

(V)




Combining the operations of addition and scalar multiplication:

Definition: Given vectors vi,vo,..

.,Vvp in R™ and scalars ¢y, ¢a, ..., ¢y, the vector

C1V1 + Covy + -+ CpVy

is a linear combination of vi,va,..., v, with weights ci,ca,...,cp.
1 2 : .
Example: u = sl V=] Some linear combinations of u and v are:
: i Study tip: an "example” after a
3u 4+ 2v — 7 | 1 1/3 definition does NOT mean a
11 3 1 calculation example. These more
) theoretical examples are objects
(vectors, in this case) that satisfy
I ) 0 the definition, to help you
u-—3v : L
0 0 understand what the definition

HKBU Math 2207 Linear Algebra

means. You should also make your
own examples when you see a

definition.
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Geometric interpretation of linear combinations: “all the points you can go to if

you are only allowed to move in the directions of vy,..., v,

HKBU Math 2207 Linear Algebra
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N DN

2 _
EXAMPLE: Letv; = [ 1 ] and vz = [

combination of vi and vo:

SN

]. Express each of the following as a linear

X1




When we don't have the grid paper:

4 3 -2
EXAMPLE: Letai=| 2 |,az= 6 ,and b = 8
14 10 -8

Express b as a linear combination of a; and a.

Solution: Vector b is a linear combination of a; and a, if

Vector equation:

Corresponding linear system:

Corresponding augmented matrix:

4 3 |-
2 6| 8
14 101 _g

Reduced echelon form:

10 |-2
01 2
00 0

Exercise: Use this algebraic method on the examples on the previous page and check that you get the
same answer.



What we learned from the previous example:
1. Writing b as a linear combination of ay, ..., a, is the same as solving the
vector equation
121 + x2a + - -+ + xpa, = b;
2. This vector equation has the same solution set as the linear system whose
augmented matrix is

aj az ... a,| b

In particular, it is not always possible to write b as a linear combination of given
vectors: in fact, b is a linear combination of a;,as,...,a, if and only if there is
a solution to the linear system with augmented matrix

aj az ... a,|b
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Definition: Suppose vi,va,...,v, are in R™. The span of vi,va,..., vy, written
Span{vi,Vva,...,Vp},
is the set of all linear combinations of vi,va,...,v,.
In other words, Span{vy,va,...,Vv,} is the set of all vectors which can be
written as £1vy + xova + - - - + z, Vv, for any choice of weights x1,z2,. .., z).
: the € sign means “is in”
In set notation:
- ¢ means
Span{vi,va,..., v} ={x1vi +2ova + -+ 2,V, | 1,...,2, € R} “is not in”
the set of vectors of the form  such that z;,...x, are real numbers
T1V1 + ToVa + -+ X,V (i.e. they can take any value)
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DEFINITION: Span {vy, vy, ..., v,} ={xivi+ zovo+ ... + 2,V | 21, ..., 2, € R}

EXAMPLE: Span of one vector in R3:
When p = 1, the definition says Span {v1} = {z1v1| 1 € R},

i.e. Span {vy} is all scalar multiples of v.

e Span {0} = {0}, because 210 = O for all scalars ;.

e If vy is not the zero vector, then Span {v; } is




Example: Span of two vectors in R3:

When p = 2, the definition says Span {vi,va} = {x1v1 + x2va | 1,22 € R},

v2 is a multiple of v,

Span{vi.v:} =Span{v:} =Span{v:}

(line through the origin)
HKBU Math 2207 Linear Algebra

3 1
I eg vi= 1], vo = |4
2 1

Xz -
— X1

“ This is the plane
spanned by {vy,va}.

V> is hot a multiple of v,
Span{v,v:} =plane through the origin
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A first exercise in writing proofs.

Each proof is different. Here are some general guidelines, but not every proof is like this. In particular,
do NOT memorise and copy the equations in a particular proof, it will NOT work for a different question.

EXAMPLE: Prove that, if u is in Span {vy, vy, v3}, then 2u is in Span {vy, vy, vs}.
STRATEGY:

Step 1: Find the conclusion of the proof, i.e. what the question is asking for. Using definitions
(ctrl-F in the notes if you don't remember), write it out as formulas:

Step 2: on a separate piece of paper, use definitions to write out the given information as
formulas. Be careful to use different letters in different formulas.

Step 3: If the required conclusion (from Step 1) is an equation: start with the left hand side, and
calculate/reorganise it using the information in Step 2 to obtain the right hand side.
(More examples: week 3 p13, week 4 p22, week 5 pl7, week 5 p19, many exercise sheets.)

The professional way to write this (which may be confusing for beginners):

In more complicated proofs, you may want to use theorems (see week 5 p26).
To improve your proofs:

e Memorise your definitions, i.e. how to translate a technical term into a formula.

e After finishing a proof, think about why that strategy works, and why other strategies that you
tried didn't work.

e Come to office hours with questions from homework or the textbook, we can do them together.
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Recall from page 10 that writing b as a linear combination of a;,...,a, is
equivalent to solving the vector equation
z1a] + Toag + - -+ + xpa, = b,
and this has the same solution set as the linear system whose augmented matrix
is
)

aj az ... a,|b

In particular, b is in Span{a;,as,...,a,} if and only if the above linear system
Is consistent.

We now develop a different way to write this linear system.

31.4: The Matrix Equation Ax = b

We can think of the weights z;,z2,...,2, as a vector.

m rows, p columns

The product of an m X p matrix A and a vector x in RP? is the linear combination
of the columns of A using the entries of x as weights:

I R R
Ax = |a; ay ... a, = T1a; + T2a2 + -+ + Tpay.
T
T 1] 3] [-2
Example: | 2 6 [ 2] =2 2| +2| 6| = 8
1410 4] |w0] |-
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4 3 9 4 3 —2
Example: 2 6 [ 2] =2 2| +2]| 6| = 8.
14 10 14 10 —8

There is another, faster way to compute Ax, one row of A at a time:

13] 4(-2) + 3(2) )
Example: | 2 6 [_2] = 2(—-2)+6(2)| = | 8.
14 10 14(—2) + 10(2) -8

It is easy to check that A(u+ v) = Au+ Av and A(cu) = cAu.

Warning: The product Ax is only defined if the number of columns of A equals
the number of rows of x. The number of rows of Ax is the number of rows of A.

Warning: Always write Ax, with the matrix on the left and the vector on the right

- xA has a different meaning. And do not write A - x, that has a different meaning.
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We have three ways of viewing the same problem:

1. The system of linear equations with augmented matrix [A|b],
2. The vector equation x1a; + z2a2 + --- + zpa, = b,

3. The matrix equation Ax = b.

These three problems have the same solution set, so the following three things are

the same (they are simply different ways to say “the above problem has a

solution”):

1. The system of linear equations with augmented matrix [A|b] has a solution,

2. b is a linear combination of the columns of A (or b is in the span of the
columns of A),

3. The matrix equation Ax = b has a solution.

Another way of saying this: The span of the columns of A is the set of vectors b
for which Ax = b has a solution.
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The span of the columns of A is the set of vectors b for which Ax = b has a solution.

3 1 3 1
Example: If A= |1 4/, then the relevant vectors are vi = |1|, vo = |4
2 1 2 1

| Ce«———c is not on the plane spanned by vy and v, so
Ax = ¢ does not have a solution. The echelon

B x|
form of [Alc]is [0 W | x
0O 0 |}

b is on the plane spanned by vy and v, so
Ax = b has a solution. The echelon form of

X2

—%, B o« | x
[Alblis |0 W | x
P 0 010
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Warning: If A is an m X n matrix, then the pictures on the previous page are for
the right hand side b € R™, not for the solution x € R™ (as we were drawing in
Week 1, and also in p29-31 later this week). In this example, we cannot draw the
solution sets on the same picture, because the solutions x are in R?, but our
picture is in R3.

Because b = v + z2Vs, the way to see a solution x on this R? picture is like
on p9: x gives the location of b relative to the gridlines drawn by v; and vs, i.e
x; tells you how far b is in the v; direction (see week 8 p22). For example, for the
lower purple dot, 1 ~ 2.2 and x5 ~ 0.2.
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So these three things are the same:

1. The system of linear equations with augmented matrix [A|b] has a solution,

2. b is a linear combination of the columns of A (or b is in the span of the
columns of A),

3. The matrix equation Ax = b has a solution.

One question of particular interest: when are the above statements true for all
vectors b in R™7? i.e. when is Ax = b consistent for all right hand sides b, and
when is Span {a;,as,...,a,} = R™?

1 0 0
Example: (m=3) Lete; = |0],ex= [1|,e3= |0
0 0 1
x 1 0 0
Then Span {e1, ez, e3} = R3, because |y| =2 |0| +y [1| +2 [0
z 0 0 1

But for a more complicated set of vectors, the weights will be more complicated
functions of x,y, z. So we want a better way to answer this question.
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You

Theorem 4: Existence of solutions to linear systems: For an m X n matrix
A, the following statements are logically equivalent (i.e. for any particular matrix
A, they are all true or all false):

a. For each b in R™, the equation Ax = b has a solution.

b. Each b in R™ is a linear combination of the columns of A.

c. The columns of A span R™ (i.e. Span{aj,as,...,a,} =R™).

d. A has a pivot position in every row.

may view d) as a computation (reduction to echelon form) to check for a), b) or c).

Warning: the theorem says nothing about the uniqueness of the solution.

Proof: (outline): By the previous discussion, (a), (b) and (c) are logically equivalent.

So,

we
[ ]
[ J

to finish the proof, we only need to show that (a) and (d) are logically equivalent, i.e.
need to show that,

if (d) is true, then (a) is true;

if (d) is false, then (a) is false. (This is the same as “if (a) is true, then (d) is true”.)
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a. For each b in R™, the equation Ax = b has a solution.
d. A has a pivot position in every row.

Proof: (continued)

Suppose (d) is true. Then, for every b in R™, the augmented matrix [A|b]
row-reduces to [rref(A)|d] for some d in R™. This does not have a row of the
form [0...0|H], so, by the Existence of Solutions Theorem (Week 1 p27),

Ax = b is consistent. So (a) is true.

Suppose (d) is false. We want to find a counterexample to (a): i.e. we want to
find a vector b in R™ such that Ax = b has no solution.

(This last part of the proof, written on the next page, is hard, and is not
something you are expected to think of by yourself. But you should try to
understand the part of the proof on this page.)
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a. For each b in R™, the equation Ax = b has a solution.
d. A has a pivot position in every row.

Proof: (continued) Suppose (d) is false. We want to find a counterexample to
(a): i.e. we want to find a vector b in R such that Ax = b has no solution.

A does not have a pivot position in every row, so the last row of rref(A) is [0...0].

[ | Then the linear system with augmented matrix [rref(A)|d] is
inconsistent.
Lletd = |- |. : : :
" Now we apply the row operations in reverse to get an equivalent
1 linear system [A|b] that is inconsistent.
Example: 1 —3 1| Re—Rot+2Ry |1 =3 1
—2 6—1 \32%32_231 0 0] 1
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Theorem 4: Existence of solutions to linear systems: For an m X n matrix
A, the following statements are logically equivalent (i.e. for any particular matrix
A, they are all true or all false):

a. For each b in R™, the equation Ax = b has a solution.

b. Each b in R™ is a linear combination of the columns of A.

c. The columns of A span R™ (i.e. Span{aj,as,...,a,} =R™).

d. A has a pivot position in every row.

We will add more statements to this theorem throughout the course.

Observe that A has at most one pivot position per column (condition 5 of a
reduced echelon form, or think about how we perform row-reduction). So if A has
more rows than columns (a “tall” matrix), then A cannot have a pivot position in
every row, so the statements above are all false.

In particular, a set of fewer than m vectors cannot span R™.

Warning/Exercise: It is not true that any set of m or more vectors span R™":

can you think of an example?
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Remember that the solutions to Ax = b are the weights for writing b as a
linear combination of the columns of A.

Ax=b <+— b=xa; +za+ -+ 250,

The “linear combination of columns” viewpoint gives us a picture way to
understand existence of solutions (p20).

Here is a picture about uniqueness of solutions: what does it mean for the
weights x; to be non-unique.

EXAMPLE: a; = [é] , Qg = [(1)] , a3 = E] , b= [ﬂ

X2
2 ob
1
: Xl
-2 -1 1 2
-1
-2

Informally, the non-uniqueness of weights happens because we can use our
given vectors to “walk in a circle back to 0" - this is the idea of linear dependence
(week 3).



§1.5: Solution Sets of Linear Systems

Goals: e use vector notation to give geometric descriptions of solution sets
(in parametric form: {p + sv +tw +...|s,t,--- € R}).
e to compare the solution sets of Ax = b and of Ax = 0.
Definition: A linear system is homogeneous if the right hand side is the zero
vector, i.e.
Ax = 0.
When we row-reduce [A|0], the right hand side stays 0, so the reduced echelon

form does not have a row of the form [0...0|H].
So a homogeneous system is always consistent.

In fact, x = 0 is always a solution, because A0 = 0. The solution x = 0 called
the trivial solution.

A non-trivial solution x is a solution where at least one x; is non-zero.
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If there are non-trivial solutions, what does the solution set look like?

EXAMPLE:
2ZL‘1 +4{L‘2 — 61’3 =0
4x1 4+ 8x9 — 1023 =0

Corresponding augmented matrix:

2 4 -6
4 8 —-10

0
0

Corresponding reduced echelon form:

1 20
0 01

0
0

Solution set:

Geometric representation:

A




EXAMPLE: (same left hand side as before)
2[L‘1 +4l‘2 - 61’3 =0
4y + 8xy — 1023 =4

Corresponding augmented matrix:

2 4 —610
4 8 —10 |4
Corresponding reduced echelon form:
1 2 0(6
00 1|2

Solution set:

Geometric representation:




EXAMPLE: Compare the solution sets of:
I1—2$2—2$3:0 ZE1—2$2—2$3:3
Corresponding augmented matrices:
12 2|0 (1 -2 23]

These are already in reduced echelon form.
Solution sets:

Geometric representation:

X2

Parallel Solution Sets of Ax = 0and Ax = b



In our first example:
e The solution set of Ax = 0 is a line through the origin parallel to v.
e The solution set of Ax = b is a line through p parallel to v.

In our second example:
e The solution set of Ax = 0 is a plane through the origin parallel to u and v.
e The solution set of Ax = b is a plane through p parallel to u and v.

In both cases: to get the solution set of Ax = b, start with the solution set of
Ax = 0 and translate it by p.

p is called a particular solution (one solution out of many).

In general:

Theorem 6: Solutions and homogeneous equations: Suppose p is a solution
to Ax = b. Then the solution set to Ax = b is the set of all vectors of the form
W = P + Vn, Where vy, is any solution of the homogeneous equation Ax = 0.
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Theorem 6: Solutions and homogeneous equations: Suppose p is a solution
to Ax = b. Then the solution set to Ax = b is the set of all vectors of the form
W = P + Vh, Where vy, is any solution of the homogeneous equation Ax = 0.

Ax

I
=2

AxX

Il
<

Parallel solution sets of Ax = b and 4Ax = 0.
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Theorem 6: Solutions and homogeneous equations: Suppose p is a solution
to Ax = b. Then the solution set to Ax = b is the set of all vectors of the form
W = P + Vh, Where vy, is any solution of the homogeneous equation Ax = 0.

Proof: (outline)
We show that w = p + vy, is a solution:

A(p + vn)
=Ap + Avp
=b+0
=b.

We also need to show that all solutions are of the form w = p + vy, - see q25 in
Section 1.5 of the textbook.
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Two typical applications of this theorem:

1. If you write the solutions to Ax = b in parametric form, then the part with free
variables is the solution to Ax = 0, e.g. on weekl p26, we found that the

—24 2 [ 3]

0O 3 -6 6414 -5 —7 2 —9

solutionsto |3 =7 8 —5 8| x= 91 is Ol|Hs 1| +¢t| O
1 -3 4 -3 2 5 0 0 1

, : 4 0 0

particular solution —|L - et | Y

0O 3 -6 614
solutionsto |3 —7 &8 =5 8| x=0
1 -3 4 -3 2

2. If you already have the solutions to Ax = 0 and you need to solve Ax = b, then
you don’t need to row-reduce again: simply find one particular solution (e.g. by

guessing) and then add it to the solution set to Ax = 0 (example on next page).
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How this theorem is useful: a shortcut to Qlb on ex. sheet #5:

o _
Example: Let A= |a; ay a3z ay :[1 3 0 4].

] 26 0 —8
[—3] 0] 4]
. . 1 0 0
In Q1la, you found that the solution set to Ax =0 is ol + nE + 0 t, where
0 0 1
r, s,t can take any value. - o - [0]
In Q1b, you want to solve Ax = [2} . Now [2] = O0a; + las + Oag + 0ay, = A (1) , SO
_O_
0] (0] (3] 0] 4]
1| . . . . .1 1 0 0
ol 182 particular solution. So the solution set is 0 + ol 7 + nE + 0 t,
0 0 0 0 1
where 7, s,t can take any value. o - o o
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Notice that this solution looks different from the solution obtained from row-reduction:.

3
130 —-4|3 130 —41(3 . : . : : 0
rref([2 60 —8 H) = [0 00 0‘0], which gives a different particular solution ol
_0_
But the solution sets are the same:
3] [ 3] 0] 4] 3] [ —3] [ 3] 0] (4]
0 1 0 0 0 1 1 0 0
O—i—or—l—ls—l—ot—o—l-()—l-0(7“—1)—|—1s—l—0t
0] | 0 0] 1 0] | 0 | 0 10 1]
0] [ 3] (0] 4]
1 1 0 0
= o + 0 (r—1)+ Nk + 0 t,
0 0 0 1
and r, s,t taking any value is equivalent to r — 1, s,t taking any value. =
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§1.7: Linear Independence

(8]

oy 2

In this picture, the plane is Span{u, v,w} = Span {u, v}, so we do not
need to include w to describe this plane.
We can think that w is “too similar’ to u and v - and linear dependence is

the way to make this idea precise.
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Definition: A set of vectors {v1,...,Vvp} is linearly independent if the only
solution to the vector equation

$1V1—|—"'—|—£Iﬁpr:0

is the trivial solution (z1 = --- =2, = 0).

The opposite of linearly independent is linearly dependent:

Definition: A set of vectors {v1,...,Vp} is linearly dependent if there are
weights c1, ..., cp, not all zero, such that

c1vy + -+ c¢vp = 0.
The equation ¢y vy + -+ 4+ ¢, vp = 0 is a linear dependence relation.
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Definition: A set of vectors {v1,...,vp} is linearly dependent if there are
weights c1, ..., cp, not all zero, such that

c1vy + -+ ¢ vp = 0.

The equation ¢;vy + -+ 4+ ¢, vp = 0 is a linear dependence relation.

A picture of a linear dependence relation: “ you can use the given directions to
move in a circle”.
u+t+2v—w=20

A%

HKBU Math 2207 Linear Algebra
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CL‘1V1—|—°"—|—£Upr:0

The only solutioniszy =--- =2, =0
— linearly independent

o {[] [} e

independent because
2 3| |0 2r1 4+ 3x2 =0
il = o= 2

B — 11 =0,29 =0.
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There is a solution with some x; # 0
— linearly dependent

o (] [} e

dependent because

21} 0 fe] = o)

A
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vy + -+ x,vp =0

The only solutionis z; =--- =2, =0 There is a solution with some x; # 0
(i.e. unique solution) (i.e. infinitely many solutions)
— linearly independent — linearly dependent

X

L8]

Informally: vq,...,v, are in “totally Informally: vi,...,v, are in “similar
different directions”; there is “no directions”
relationship” between vy,...v.
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Some easy cases:

e Sets containing the zero vector {0, va,...,vp}: then the linear dependence
equation is
210 + xove + - +1,vp = 0.

A non-trivial solution is
(1)0+ (0)vag +--- + (0)vp = 0,

so such a set is linearly dependent (it doesn’t matter what va,..., v, are).

e Sets containing one vector {v}: then the linear dependence equation is

TV 0
v =0 j.e. L =
TUp, 0
If some v; # 0, then & = 0 is the only solution. So {v} is linearly independent if

v # 0.
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Some easy cases:

e Sets containing two vectors {u, v}: then the linear dependence equation is
r1u+ xov = 0.

Using the same argument as in the example on p4, we can show that, if v = cu
for any ¢, then u and v are linearly dependent:

v=cu means cu+ (—1)v=0.

so (-1) is a nonzero weight. The same argument applies if u = dv for any d.
Is this the only way in which two vectors can be linearly dependent?

The answer is yes: Two vectors are linearly dependent if and only if one vector
is a multiple of the other, i.e. they have the same or opposite direction.

Here's the proof for the “only if’ part: suppose z1u + xov = 0 and 1, z2 are
not both zero.

.. . —T2
If 1 # 0, then we can divide by it: u = —v.
Z1
.. . —I1
Similarly, if xo2 # 0, then v = —u.
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When there are more vectors, it is hard to tell quickly if a set is linearly independent
or dependent.

As shown in this example from p3, three vectors can be linearly dependent without
any of them being a multiple of any other vector.

The correct generalisation of the two-vector case is the following: a set of vectors is
linearly dependent if and only if one of the vectors is a linear combination of the
others. (More specifically: if the weight x; in the linear dependency relation

x£1V1 + -+ xpvp = 0 is non-zero, then v; is a linear combination of the other vs,
by the same argument as in the case of two vectors.)
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How to determine if {vy,va,...,v,} is linearly independent:

1 2 -3
EXAMPLE Letv; = 3 |,V2= 5 |,Vvs= 9
5 9 3

a. Determine if {v1,v2,v3} is linearly independent.
b. If possible, find a linear dependence relation among v1,v2,Vs.

Solution: (a) {vi,vz,vs} is linearly independent if

Augmented matrix:

1 2 -3]0 1 2 -310
910 row reduces to 01 -18j)0
X3 is a free variable
= = there are nontrivial solutions.

(Alternative explanation:

= = there are nontrivial solutions.)
{V1,V2,v3} is
10 3310
(b) Reduced echelon form: | 0 1 -18} 0
00 01O
Let x3 = (any nonzero number). Then x; = and x; =
1 2 -3 0
+ + 9 |[=| O
5 9 3 0
or
Vi+ Vo + vz =20

(one possible linear dependence relation)



A non-trivial solution to Ax = 0 is a linear dependence relation between the
columns of A: Ax = 0 means z1a; +---+ x,a, = 0.

Theorem: Uniqueness of solutions for linear systems: For a matrix A, the
following are equivalent:

a. Ax = 0 has no non-trivial solution (i.e. x = 0 is the only solution).

b. If Ax = b is consistent, then it has a unique solution.

c. The columns of A are linearly independent.

d. A has a pivot position in every column (i.e. all variables are basic).

In particular: the row reduction algorithm produces at most one pivot position in
each row of A. So, if A has more columns than rows (a “fat” matrix), then A
cannot have a pivot position in every column.

So a set of more than n vectors in R™ is always linearly dependent.
Exercise: Combine this with the Theorem of Existence of Solutions (Week 2 p23)
to show that a set of n linearly independent vectors span R".
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Theorem: Uniqueness of solutions for linear systems: For a matrix A, the
following are equivalent:
a. Ax = 0 has no non-trivial solution (i.e. x = 0 is the only solution).
b. If Ax = b is consistent, then it has a unique solution.
@ columns of A are linearly indepen@
d. A has a pivot position in every column (i.e. all variables are basic).

Study tip: now that we're working with different types of mathematical objects

(matrices, vectors, equations, numbers), you should be careful which properties apply

to which objects: e.g. linear independence applies to a set of vectors, not to a matrix
12 -3

(at least not until Chapter 4). Do not say “|3 5 9| is linearly dependent” when
59  3one object with 9 numbers

1 2 -3
you mean “¢ (3|, 5], 9 are linearly dependent”.
5 9 3| ) three objects each with 3 numbers
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Tip: in proofs and in computations, linear dependence and independence are handled
differently (see p4).

dependence: find ONE nonzero solution to z1vy + -+ 2,vp = 0.
independence: SOLVE z1vy + -+ + 2,vp = 0 and show there are no nonzero solutions.

Another way to say the definition of linear independence:
if x1vi+---4+2pvp =0, thenzy =--- =2, =0.

A WRONG definition of linear independence:

x1vy + -+ xpvp =0, where 1 =--- =z, =0.
i.e. if we choose 2y =--- =2, =0
The wrong definition is saying, if x;1 = --- =z, =0, then 1vy +--- +2,vp = 0.
This is always true, no matter what vq,...,vp are, so it doesn’t give any

information about the vectors.

The words between the formulas are important, they explain how the formulas are

related to each other.
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A second exercise in writing proofs.
EXAMPLE: Suppose {u, v} is linearly independent. Show that {u,u + v} is linearly independent.

STRATEGY 1: direct proof
Step 1: Write out the conclusion as formulas:

Step 2: on a separate piece of paper, use definitions to write out the given information as formulas. Be
careful to use different letters in different formulas.

Step 3: if the required conclusion (from Step 1) is about “the only solutions™ solve the required equations
using the information in Step 2.

STRATEGY 2: proof by contradiction / contrapositive:



Partial summary of linear dependence:

The definition: x1vy + - - + x,vp = 0 has a non-trivial solution (not all z; are
zero); equivalently, it has infinitely many solutions.

Equivalently: one of the vectors is a linear combination of the others (see p8, also
Theorem 7 in textbook). But it might not be the case that every vector in the set
is a linear combination of the others (see ex. sheet #5 q2b).

Computation: rref Vi ...V has at least one free variable.

X5
J

Informal idea: the vectors are in “similar directions”

LAY
.,’1 .w
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Partial summary of linear dependence (continued):

Easy examples:

e Sets containing the zero vector;

e Sets containing “too many” vectors (more than n vectors in R");
2] [4 - e

nE [2} } (this is the only possibility if the set

Multiples of vectors: e.g. { [

has two vectors);

1 0 1
e Other examples: e.g. O, |1|,]1| p. Make your own examples!
0 0 0

Adding vectors to a linearly dependent set still makes a linearly dependent set (see
ex. sheet #5 q2c).

Equivalent: removing vectors from a linearly independent set still makes a linearly
independent set (because P implies Q is equivalent to (not Q) implies (not P) -

this is the contrapositive).
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Study tips:
e Linear independence will appear again in many topics throughout the class, so
| suggest you add to this summary throughout the semester, so you can see
the connections between linear independence and the other topics.

e Topic summaries like this one is useful for exam revision, but even more useful
Is making these summaries yourself. | encourage you to use my summary as a
template for your own summaries of the other topics.

e Examples can be useful for solving true/false questions: if a true/false
question is about a linear dependent set, try it on the examples on the
previous page. Try to make a counterexample, and if you can't, it will give you
some idea of why the statement is true.
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§1.8-1.9: Linear Transformations

This week's goal is to think of the equation Ax = b in terms of the
“multiplication by A" function: its input is x and its output is b.

Primary One: Primary Four:
22 — 4 Think of this as: 2 sauarn > 4
32=9 sk L -9
Last week: Today:
_ - [1] _ 1 : _
_ multiply by A
8 3 4y |10 Think of this as: |2 Pyby A |10
5 1 2 9 9
i | _1_ i 1 i
_ S [1] - 1 : -
8 3 —4) || _ 4] 0 multiply by A _ 4]
5 1 2] ) _7 1 _7
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 4, Page 1 of 28

Goal: think of the equation Ax = b in terms of the “multiplication by A"
function: its input is x and its output is b.

In this class, we are interested in functions that are linear (see p6 for the definition).
Key skills:
i Determine whether a function is linear (p7-10);
(This involves the important mathematical skill of “axiom checking”, which also
appears in other classes.)
i Find the standard matrix of a linear function (p13-14);
il Describe existence and uniqueness of solutions in terms of linear functions
(p18-28).
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Definition: A function f from R"™ to R™ is a rule that assigns to each vector x
in R™ a vector f(x) in R™. We write f : R"” — R™,

/—\" R™ is the domain of f.

R™ is the codomain of f.
f(x) is the image of x under f.

The range is the set of all
images. It is a subset of the
codomain.

Domain Codomain

Example: f:R — R given by f(x) = 22,
Its domain = codomain = R, its range = {y € R|y > 0}.
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Examples:

L3
f:R? — R3, defined by f ([x1]> = |2x1 + 22

The range of f is the plane z = 0 (it is obvious that the range must be a
subset of the plane z = 0, and with a bit of work (see p20), we can show
that all points in R3 with z = 0 is the image of some point in R? under f).

h : R?® — R?, given by the matrix transformation h(x) = E ? _;l] X.

HKBU Math 2207 Linear Algebra Semester 2 2020, Week 4, Page 4 of 28

Geometric Examples:

g : R? — R? given by reflection through the xs-axis.

I | =71 A$2 Ax2
g i) - Io - g
X T > 9(x)

) X X (2
~ 5 ~ >
1 x1
S : R? — R2, given by dilation by a factor of 3. S(x)

T
S(x) = 3x. pr2 L
S ° X
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In this class, we will concentrate on functions that are linear. (For historical
reasons, people like to say “linear transformation” instead of “linear function™.)

Definition: A function 7" : R™ — R™ is a linear transformation if:
1. T(u+v)="T(u)+ T(v) for all u,v in the domain of T
2. T'(cu) = ¢T'(u) for all scalars ¢ and for all u in the domain of 7.

For your intuition: the name “linear” is because these functions preserve lines:
A line through the point p in the direction v is the set {p + sv|s € R}.
If T" is linear, then the image of this set is

T(p+sv) L T(p) + T(sv) T(p) + sT(v),

the line through the point T'(p) in the direction T'(v).
(If T(v) = 0, then the image is just the point T'(p).)

Fact: A linear transformation 7" must satisfy 7°(0) = 0.

Proof: (sketch) Put ¢ =0 in condition 2.
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 4, Page 6 of 28

Definition: A function 7' : R™ — R" is a linear transformation if:
1. T(u+v)=T(u) + T(v) for all u,v in the domain of T,
2. T(cu) = T'(u) for all scalars ¢ and all u, in the domain of T'.

3

— xz
Example: f ( x1]> = |2x1 + 2| is not linear:
€2
. 0
.
Take u = [1 and ¢ = 2:
' 8
r(R)) = (B = po)
0
1 2 8 " .
2 is false f .
2f(ﬁ]> _o 3| = |6| 2 |6]. So condition 2 is false for f
0 0 0 Exercise: find a u and a v to

show that condition 1 is also false.
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DEFINITION: A function T : R®* — R™ is a linear transformation if:
1. T(u+v)=T(u)+ T(v) for all u,v in the domain of T},

2. T(cu) = ¢T'(u) for all scalars ¢ and all u, in the domain of 7T'.

x —x
EXAMPLE: ¢ = ' (reflection through the xo-axis) is linear:
i) To
add the input vectors g “ + v =g
U U2
substitute u + v for x in the formula for g =
separate the u terms and v terms =
Ui n (%)
check that this is g(u) + g(v) — 9 Us g Vs
multiply the input vector Uy
glc =9
Uz
substitute cu for x in the formula for g _
factor out ¢ _
. . Uy
check that the remaining part is g(u) =cgq

U2



Definition: A function T': R™ — R™ is a linear transformation if:
1. T(u+v)=T(u)+T(v) for all u,v in the domain of T’
2. T(cu) = cT'(u) for all scalars ¢ and all u, in the domain of T'.

For simple functions, we can combine the two conditions at the same time, and
check just one statement: T'(cu + dv) = ¢T'(u) + dT'(v), for all scalars ¢, d and
all vectors u, v. (Condition 1 is the case ¢ = d = 1, condition 2 is the case

d = 0. Exercise: show that if T" satisfies conditions 1 and 2, then T satisfies the
combined condition.)

Example: S(x) = 3x (dilation by a factor of 3) is linear:
S(cu+dv) =3(cu+ dv) = 3cu+ 3dv = cS(u) + dS(v).
Important Example: All matrix transformations T'(x) = Ax are linear:

T(cu+dv) = A(cu+dv) = A(cu) + A(dv) = cAu+ dAv = cT'(u) + dT(v).
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Definition: A function 7' : R™ — R" is a linear transformation if:
1. T(u+v)=T(u) + T(v) for all u,v in the domain of T,
2. T(cu) = T'(u) for all scalars ¢ and all u, in the domain of T'.

Notice from the previous examples:
To show that a function is linear, check both conditions for general u, v, c (i.e.

use variables).
To show that a function is not linear, show that one of the conditions is not

satisfied for a particular numerical values of u and v (for 1) or of ¢ and u (for 2).

If you don’t know whether a function is linear, work out the formulas for T'(cu)
and ¢T'(u) separately (for general variables ¢ and u) and see if they are the
same. If they're different, this should help you find numerical values for your
counterexample (and similarly for T'(u + v) and T'(u) + T'(v)).

Some people find it easier to work with condition 2 first, before condition 1,
because there are fewer vector variables.
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1 0 o o
EXAMPLE: Lete; = |: 0 :| e, = L :| Suppose T : R? - R®is a linear transformation with

1 0
T(e1)= and T(ez) =

Find the image of |: 3 :| .
2

Solution:

X2

le

X1

2 3

T(3€1 + 282) = 3T(e1) + 2T(e2)

Ll



In general:

Write e; for the vector with 1 in row 72 and 0 in all other rows.
(So e; means a different thing depending on which R™ we are working in.)

1 0 0
For example, in R3, we have e; = |0, ex = |1, e3 = |0].
0 0 1
T
{e1,...,en} span R", and x= | ! | =z1€1 + -+ zpen.
Ln

So, if T': R™ — R™ is a linear transformation, then

I 1
T(x)=T(rie1+ - +xpen) =x1T(e1)+ - +x,T(en) = |T(e1) ... T(e,)
I . T
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 4, Page 12 of 28

Theorem 10: The matrix of a linear transformation: Every linear transformation
T :R™ — R™ can be written as a matrix transformation: T'(x) = Ax where A is the
standard matrix for T', the m X n matrix given by

We can think of the standard matrix as a compact way of storing the information
about T.

Example: S : R? — R?, given by dilation by a factor of 3, S(x) = 3x.

ste =5 (o] ) = ([of) = 5] sten =5 ([i]) =2 ([1)

Other notations for the standard matrix for T' (see §5.4, week 9) are [T'] and [1]¢.
3 0 3 0

0
sl
So the standard matrix of S is [O 3], e, S(x) = 0 3%
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Example: ¢ ([?]> = [_?] (reflection through the xs-axis):
2 2

2 X

——
| _—
X, *
i oo
| | 10
The standard matrix of g is [g(e1) g(e2)| = [ 0 1].

We can check that this gives the correct formula for g: [_(1) (1)] [?] = [_?] :
2 2
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Further examples of geometric linear transformations:

Vertical Contraction and Expansion

Image of the Standard
Unit Square Matrix
. . B
[
I
0]
(K _
Xl ® Xl
[ (1]
[ @]



USTASCE
Chapter 1 Lay, Linear Algebra and Its Applications, Second Edition—Update
Copyright c 
2000 by Addison Wesley Longman. All rights reserved.
A1.8.T2


Projection onto the;-axis

Image of the Standard
Unit Square Matrix

| |

=1=
=1=



USTASCE
Chapter 1 Lay, Linear Algebra and Its Applications, Second Edition—Update
Copyright c 
2000 by Addison Wesley Longman. All rights reserved.
A1.8.T4


EXAMPLE: T : R? — RR? given by rotation counterclockwise about the
origin through an angle ¢:

%
(—sin¢, cos9)_ _L(O\,l)

(cos @, sin¢)

|
\ | 1(1,0) 1
\ /


USTASCE
Chapter 1 Lay, Linear Algebra and Its Applications, Second Edition—Update
Copyright c 
2000 by Addison Wesley Longman. All rights reserved.
A1.8.01


Now we rephrase our existence and uniqueness questions in terms of functions.
Definition: A function f : R™ — R™ is onto (surjective) if each y in R™ is the
image of at least one x in R™.

Other ways of saying this:

e The equation f(x) =y has a solution for every y in R™,
e The range is all of the codomain R"™.

R™ R™
R™ range R"™ f
® o
[ ]

:/n

codomain
f is not onto, because there are (blue) £ is onto
points in the codomain outside the range
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Now we rephrase our existence and uniqueness questions in terms of functions.

Definition: A function f : R™ — R™ is one-to-one (injective) if each y in R is
the image of at most one x in R™.

Other ways of saying this:

e The equation f(x) =y has no solutions or a unique solution,
o If f(x1)= f(x2), then x3 = X2,
e 777 (A comparison of sets, but it only works for linear transformations, see p23).

'/ﬁi_ —_—

Lt aly [ L:Fgﬁ__ |
X |~ 7 |
. - = i+ . | |

lle - ] |

. ) | =II- |>___|I
[g.f 7 I| (_/]1_'/'_'” | /

- /

"'----______ JI(.-(

e . |

T 13 not one-to-one T ix one-to-one
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f:R™ — R™ is onto (surjective) if f(x) =y has one or more solutions, for

each y in R™.
f:R™ — R™ is one-to-one (injective) if f(x) =y has zero or one solutions, for
each y in R™.
x 75
Example: f:R? — R3, defined by f ([;]) = | 221 + 29
2
0
0
f is not onto, because f(x) = |0| does not have a solution.
1
f is one-to-one: Y1
if y3 # 0, then f(x) = |y2| does not have a solution,
Y3

Y1
if y3 = 0, then the unique solution to f(x) = [y2| is 2 = /Y1,

_ 1 _ 1
0] 21 = §(y2 — x3) = 5(92 - \3/y1)-
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There is an easier way to check if a linear transformation is one-to-one:

Definition: The kernel of a linear transformation T : R™ — R™ is the set of
solutions to T'(x) = 0.

Or, in set notation: ker7T' = {x € R" | T'(x) = 0}.

Example: Let T be projection onto the x;-axis, whose 2
.. |1 0], 10
standard matrix is 0 O] (iie. T(x) = [O 0] X).
The kernel of T' is the solution set of T'(x) = 0, i.e. l l
the solution set of L0 . Using the usual
0 00 K + X,

algorithm, this solution set is { [(1)] t

t e R}, which is

the xo-axis.
It is also clear from the geometric description of projection that the zs-axis is
mapped to the origin.
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There is an easier way to check if a linear transformation is one-to-one:
Recall: given T': R™ — R™ a linear transformation, ker 7' = {x € R" | T'(x) = 0}.
Fact: If T'(vy) = T(v2), then vi — v is in the kernel of T

2
Example: Let T be projection onto the z-axis. & V1=,

The previous page showed that ker 1" is the xs-axis. Vi— V2 T

wowr({)r ()l ol

[2] — [2] = [O . which is in the kernel.

- X

Proof of Fact: (We need to show v; — vy € ker(T), i.e. T(vy —va) =0.)
T(vi—ve)=T(vy)—T(va)=0,s0 vy — vy € kerT.

.+ T"is linear Tip: in any proof about linear transformations, use

HKBU Math 2207 Linear Algebra T(eivi+--+cepvy) =T (v) + -+ ¢ T(vy)



There is an easier way to check if a linear transformation is one-to-one:
Recall: given T': R™ — R™ a linear transformation, ker 7' = {x € R" | T'(x) = 0}.
Fact: If T'(vy) = T(v2), then vi — vy is in the kernel of T

Theorem: A linear transformation is one-to-one if and only if its kernel is {0}.

R™ R™
R™ T R™ T
@ > @ >0
- ° °
@ @ >o
ker TVO 0 0
T is not one-to-one, because ker T" = {0}
there are nonzero (red) points in :
_ T is one-to-one
the kernel, which 71" sends to O.
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There is an easier way to check if a linear transformation is one-to-one:
Recall: given T': R™ — R™ a linear transformation, ker 7' = {x € R" | T'(x) = 0}.

Fact: If T'(vy) = T(v2), then vi — v is in the kernel of T

Theorem: A linear transformation is one-to-one if and only if its kernel is {0},

Warning: the theorem is only for linear transformations. For other functions, the
solution sets of f(x) =y and f(x) = 0 are not related.

Proof:

Suppose T is one-to-one. Taking y = 0 in the definition of one-to-one shows 7'(x) = 0
has at most one solution. Since 0 is a solution (because T is linear), it must be the only
one. So its kernel is {0}.

Suppose the kernel of T is {0}. We need to show T is one-to-one, (i.e. if
T(Xl) = T(Xg), then x; = X2.)
If T'(x1) = T'(x2), then by the Fact, x; — x5 € ker T' = {0}, so x; —x3 = 0, so x; = X3.
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Theorem: A linear transformation is one-to-one if and only if its kernel is {0}.

So a matrix transformation x — Ax is one-to-one if and only if the set of
solutions to Ax = 0 is {0}. This is equivalent to many other things:

Theorem: Uniqueness of solutions to linear systems: For a matrix A, the
following are equivalent:

a. Ax = 0 has no non-trivial solution (i.e. x = 0 is the only solution).

b. If Ax = b is consistent, then it has a unique solution.

The columns of A are linearly independent.

A has a pivot position in every column (i.e. all variables are basic).

The linear transformation x — Ax is one-to-one.

The kernel of the linear transformation x — Ax is {0}.

-~ ® Q0

Notice that e. is in terms of linear transformations, b. is in terms of matrices and

linear equations, and they are the same thing.
f. is in terms of linear transformations, a. is in terms of matrices and linear
equations, and they are the same thing. Semester 2 2020, Week 4, Page 25 of 28



Now let's think about onto and existence of solutions.

Recall that the range of a linear transformation 7" : R™ — R™ is the set of images,
i.e. rangeT = {y € R™|y = T'(x) for some x € R"} = {T'(x)|x € R"}.
So, if T'(x) = Ax (i.e. A is the standard matrix of T), then
rangel = {y € R™|y = Ax for some x € R"}
= {b € R™|b = Ax has a solution} ]
={beR™|b=uxa; + -+ x,a, for some z;} where A=|a; ... a,
= span of the columns of A X, o

Example: Let T' be projection onto the x-axis, whose

standard matrix is A = [(1) 8] 1

Its range is the span of the columns of (1) 8 l.e. l l

Span { [(1)] , [8] } which is the xi-axis. + )

It is clear from the geometric description of projection that the set of images is the x;-axis.

The range of the linear transformation x — Ax is the set of b for which Ax =b
has a solution.

And a linear transformation R™ — R™ is onto if and only if its range is all of R™.
Putting these together: x +— Ax is onto if and only if Ax = b is always
consistent, and this is equivalent to many things:

Theorem 4: Existence of solutions to linear systems: For an m X n matrix
A, the following statements are logically equivalent (i.e. for any particular matrix
A, they are all true or all false):

For each b in R™, the equation Ax = b has a solution.

Each b in R™ is a linear combination of the columns of A.

The columns of A span R™.

A has a pivot position in every row.

The linear transformation x — Ax is onto.

The range of the linear transformation x — Ax is R™.

-~ ® 20 T W
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The range and the kernel on one picture:

rangel’
domain
([
kerd'
codomain
kerT = {x e R" | T(x) = 0} rangel = {7'(x)|x € R"}
defined by a condition defined by a form

Remember from weeks 1-3 that existence and uniqueness are separate, unrelated
concepts. Similarly, onto and one-to-one are unrelated:

Exercise 1: think of a linear transformation that is onto but not one-to-one, or
both onto and one-to-one, or etc.

Exercise 2: consider the other linear transformations in this week's notes. Are they
onto? Are they one-to-one?
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32.1: Matrix Operations

We have several ways to combine functions to make new functions:
e Addition: if f, g have the same domains and codomains, then we can set
(f +9)x = f(x) + g(x),
e Composition: if the codomain of f is the domain of g, then we can set
(g0 f)x =g(f(x)),
e Inverse (§2.2): if f is one-to-one and onto, then we can set f~!(y) to be
the unique solution to f(x) =y.

It turns out that the sum, composition and inverse of linear transformations are
also linear (exercise: prove it!), and we can ask how the standard matrix of the
new function is related to the standard matrices of the old functions.

HKBU Math 2207 Linear Algebra Semester 2 2020, Week 5, Page 1 of 27
Notation:
The (i, 7)-entry of a matrix A is the entry in row ¢, (. a12 a3
column 7, and is written a;; or (A);;. g1 Qoo G923
e.g.

a1 az2 as3

The diagonal entries of A are the entries a1, aso, ... 41 G40 Q43

A square matrix has the same number of rows as
columns. The associated linear transformation has the

same domain and codomain. 2.0 0
A diagonal matrix is a square matrix whose nondiagonal &8 [0 6 0
entries are 0. 0 0™
The identity matrix [,, is the n X n matrix whose diagonal 1 0 0
entries are 1 and whose nondiagonal entries are 0. eg. Is5=10 1 0
It is the standard matrix for the identity transformation 0 0 1

T :R"™ — R" given by T'(x) = x.
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Addition:

If A, B are the standard matrices for some linear transformations S, 7 : R” — R™,

then (S 4+ T)x = S(x) 4+ T(x) is a linear transformation. What is its standard matrix
A+ B?

Proceed column by column:
First column of the standard matrix of S + T
=(S+1T)(e1) definition of standard matrix of S + T
= S(e1) +T(e1) definition of S + T
= first column of A + first column of B. definition of standard matrix of S and of T
i.e. (i,1)-entry of A+ B=a;1 + b;1.

The same is true of all the other columns, so (A + B);j=a;; + bi;.

[ 40 5 111 [5 1 6
Example.A—[_1 3 2], B_[B 5 7], A-f—B—[Q g 9].
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Scalar multiplication:

If A is the standard matrix for a linear transformation S : R® — R™ and c is a
scalar, then (¢S)x = ¢(Sx) is a linear transformation. What is its standard
matrix cA?

Proceed column by column:
First column of the standard matrix of ¢S

= (¢S)(e1) definition of standard matrix of ¢S
= c(Seq) definition of ¢S
= first column of A multiplied by c. definition of standard matrix of S

i.e. (i,1)-entry of cA=ca;;.

The same is true of all the other columns, so (cA);; = ca;;.

4 0 5 —12 0 -15
Example.A—{_1 3 2], c=—3, cA—[ 3 _g —6]'
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Addition and scalar multiplication satisfy some familiar rules of arithmetic:

Let 4, B, and C be matrices of the same size, and let » and s be scalars. Then

a.A+B=B+A4 d.r(4+B) =rd +rB
b.(A4+B)+C=4+B+C) e.(r+s)d =r4d+s4
c.A+0=4 f.r(sd) = (rs)4

/ 0 e 0 e O

0 denotes the zero matrix:
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Composition:

If A is the standard matrix for a linear transformation S : R™ — R™
and B is the standard matrix for a linear transformation 7" : RP — R"
then the composition S o T (T first, then S) is linear.

What is its standard matrix AB?

Rm Rn Rp
S(T(x)) o T

A is a m X n matrix,
B is a n X p matrix,
AB is a m X p matrix - so the (7, j)-entry of AB cannot simply be a;;b;;.
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Composition:

Proceed column by column:
First column of the standard matrix of SoT
= (SoT)(er) definition of standard matrix of So T
= S(T(e1)) definition of SoT
= S(bq) definition of standard matrix of 7' (writing b; for column j of B)
= Aby, and similarly for the other columns.

o I
So AB=A|b; ... b,| =|A4b, ... Ab,

The jth column of AB is a linear combination of the columns of A using
weights from the jth column of B.

Another view is the row-column method: the (i, j)-entry of AB is

ailblj + aizsz + -+ a’inbnj-
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AB=A

I I
by ... byl =[Ab, ... Ab,|.
I .

The jth column of AB is a linear combination of the columns of A using
weights from the jth column of B.

EXAMPLE: Compute AB where A =

o w
|
= 01N

2_
and B = 3 )
6 —7



Some familiar rules of arithmetic hold for matrix multiplication...

Let 4 be m x n and let B and C have sizes for which the indicated sums and products are
defined (different sizes for each statement).

a.A(BC) = (4B)C (associative law of multiplication)
b.A4(B+ C) =AB+ AC (left - distributive law)
C. (B+()A=BA+CA (right-distributive law)
d. #(4B) = (rA)B = A(rB)
for any scalar
e. I,A =4 = Al, (identity for matrix multiplication)

... but not all of them:
e Usually, AB # BA (because order matters for function composition:

SoT #TolbS),
e It is possible for AB =0 even if A # 0 and B # 0 - so you cannot solve matrix

equations by ‘factorising’.
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A fun application of matrix multiplication:

Consider rotations counterclockwise about the origin.
Rotation through (6 + @) = (rotation through 6) o (rotation through ).

cos(6 + @) —sin(f + )| |cosf —sinf| [cosp —sine
sin(0 + @) cos(@+ @)| |sinf cosf| |sin@ cos@
_ |cosfcos@ —sinfsin@ —cosfsin@ — sinfcos @
~ |sin@cos @ + cosfsin@ —sinfsin @ + cosfcos @

So, equating the entries in the first column:
cos(f + @) = cosfcos @ —sinfsin @
sin(f + @) = cosfsin @ + sin f cos @
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Powers:

For a square matrix A, the kth power of Ais A* = A... A.
——

k times
If A is the standard matrix for a linear transformation 7', then A¥ is the standard

matrix for T%, the function that “applies T k times”.

: ﬁﬁg.li o (o] 130 )= [39] )=l o]
e I et i e

k k
: a 0 a 0 _ : :
Exercise: show that [ 1 ] = [ 1 ok ] and similarly for larger diagonal matrices.

0 a9
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We can consider polynomials involving square matrices:

12 3 0
. 3 2 _ _
Example: Let p(v) = 2° — 222 + 2 «(2) and A = [3 O] ,D = [O _2] as on the

previous page. Then ce the identity matrix instead of constants

A3 _ 42 (13 14] J14 4] [1 2] [2 0] _[-2 12
p(d) = A" —24 +A@‘_21 6] | 6 12]%3 0} [0 2}_[18 —8]'

p(D) = D* —2D* + D — 2L, = :25 _g: - :13 g] + [g _g] — [(2) (2)] = [18 _28} = {p(?’gp(_;ﬂ.

For a polynomial involving a single matrix, we can factorise and expand as usual:
Example: 22 — 222 + 2 -2 = (22 +1)(x — 2), and

(A% + [)(A = 2I) = [g ﬂ [_il% —gl B [_13 _ﬂ

But be careful with the order when there are two or more matrices:

Example: 22 — y? = (x +y)(z — y), but

§A+D J(A—D)=A*—- AD+ DA — D? # A* — D2
BU Math 2207 Linear Algebra Semester 2 2020, Week 5, Page 12 of 27



Transpose:

The transpose of A is the matrix AT Rm R™
whose (%, j)-entry is a;;. < A

i.e. we obtain AT by “flipping A

through the main diagonal”.

As a linear transformation, it “goes AT

in the opposite direction”, but it is
NOT the inverse function.

4 -1
Example: A = 405 , AT =10 3
-1 3 2 5 9

We will be interested in square matrices A such that
A=AT (symmetric matrix, self-adjoint linear transformation, §7.1), or

A~1 = AT (orthogonal matrix, or isometric linear transformation, §6.2).
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 5, Page 13 of 27

Properties of the transpose:

Let 4 and B denote matrices whose sizes are appropriate for the following sums and
products (different sizes for each statement).

a. (A7)" = 4 (le., the transpose of AT is A)
b. U+B) = 4"+ B7
c. Forany scalarr, (r4)" = r4”

d. (4B)" = BTAT (l.e. the transpose of a product of matrices equals the product of their
transposes in reverse order. )

An example to explain d. AT BT - iif;;g’lty

this is NOT a proof Guess: — _7] it
A B matrices!
P2 g | Y2 BT AT
5 =5 [6 —7]: —24 26 Guess again: [ 2 6] [ g S 0]:[_4 —24 6]
0 1 6 —7 =3 =7| -2 -5 1 2 26 —7
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§2.2: The Inverse of a Matrix ¢ d =

Remember from calculus that the inverse of a
function f : D — C is the function f~!:C — D
such that f~! o f = identity function on D and
f o f~! = identity function on C.

Equivalently, f~1(y) is the unique solution to f(z) = y.
So f~! exists if and only if f is one-to-one and onto. Then we say f is invertible.

Let 7" be a linear transformation whose standard matrix is A. From last week:
e T is one-to-one if and only if A has a pivot position in every column.
e T is onto if and only if A has a pivot position in every row.

So if T is invertible, then A must be a square matrix.

Warning: not all square matrices come from invertible linear transformations,

. 1 0
€ 1o ol
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 5, Page 15 of 27

Remember from calculus that the inverse of a function f: D — C'is the
function f=! : C' — D such that f=! o f = identity function on D and
f o f~! = identity function on C.

Definition: A n x n matrix A is invertible if there is a n x n matrix C' satisfying
CA=AC = 1,.

Fact: A matrix C with this property is unique:
if BA=AC = 1,,, then BAC = BI,, = B and BAC =1,C =Cso B=C.

The matrix C is called the inverse of A, and is written A=, So
A 1A=AA"1=1,.
A matrix that is not invertible is sometimes called singular.
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Remember from calculus that the inverse of a function f: D — C'is the
function f=! : C' — D such that f~! o f = identity function on D and
f o f~1 = identity function on C.

Equivalently, f~1(y) is the unique solution to f(z) = y.

Theorem 5: Solving linear systems with the inverse: If A is an invertible n x n
matrix, then, for each b in R™, the unique solution to Ax =b is x = A~ 'b.
Proof:

1. We show A~ !b is a solution (i.e. A(A7'b) =b).

A(A™b) = (AA " )b=1,b=Db, so x = A b is a solution to Ax = b:

2. We show this is the unique solution:
Let u be any solution to Ax = b, so: A

u=>b
Multiply both sides by A~! on the left: A7 (Au) = A"
u=A"'b.

In particular, if A is an invertible n x n matrix, then rref(A) = I,,.
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 5, Page 17 of 27

Properties of the inverse:

Suppose 4 and B are invertible. Then the following results hold:
a. A !isinvertible and (471)"' =4 (i.e. 4 is the inverse of 471).
b. 4B is invertible and (4B) ! = B147! (think about composition of functions, see diagram below)

c. ATis invertible and (47)™ = (4~ 1)"

R A oo B o

Exercise: prove these properties.
(Hint: to show X is the inverse of Y, i.e. Y ™! = X, you should check XY =YX =1.)
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Inverse of a 2 X 2 matrix:

Fact: Let A = [“ b].
c d

N . : 1 d —b
fad —bc # 0, then A tible and A™" = ,
i) if a c# en A is invertible an o [—c a]

ii) if ad — bc =0, then A is not invertible.

Proof of i):
a b 1 d —-bl\ 1 ad —bc —ab+ba| |1 O
c dl \ad—bc|—c a|) ad—bec|cd—dec —cb+da| |0 1|°

1 d —bl\|la b 1 da —bc db—0bd| |1 O
ad —bc |—c a c d  ad—bec|—ca+ac —cb+ad| |0 1|°

Proof of ii): next week.
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Inverse of a 2 X 2 matrix:

cos@ —sin@
sin @ cos @
origin through an angle ¢ counterclockwise.

Example: Let A = [ ] . the standard matrix of rotation about the

cos @ cos @ — (—sin @) sin @ = cos? ¢ + sin? @ =1 # 0 so A is invertible, and

A1 =1 [ Cos @ sin (p] = [COS(_@) —sin(—(p)] the standard matrix of

—_

—sin@ cos@ sin(—@)  cos(—o)
rotation about the origin through an angle ¢ clockwise.

0 0
1-0—0-0=0so B is not invertible.

Example: Let B = [1 O], the standard matrix of projection to the z-axis.

Exercise: choose a matrix C that is the standard matrix of a reflection, and

check that C is invertible and C~! = C.
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Inverse of a n X n matrix:

Suppose A is an invertible n X n matrix.
Let x,; denote the ith column of A~1.
So A le, = x; (to find the ith column of a matrix, multiply by e;)

e; = Ax; (left-multiply both sides by A)

So we can find x; by row-reducing [Al|e;]. Because rref(A) = I,,, the result
should be [I,,|x;].

We carry out this row-reduction for all columns at the same time, i.e. solve all n
linear systems at the same time:

I : ]
AL = |Aler ... e, | fowreduction \,\ . x, | =[L.]47Y.

A\ 7
~~

each column is the right hand side of a different linear
system, which all have the same left hand side




If A is an invertible matrix, then

A|L] row reduction [In|A_1].

1 01
EXAMPLE: Find the inverse of |2 1 3].
1 0 4

— N
o = O
_~ W
o O =
oS = O
- o O

101/ 1 0 0
011 -2 1 0
00 1|-1/3 0 1/3

100
010
0 01



We showed that, if A is invertible, then [A|I,,] row-reduces to [I,,|A™1].

In other words, if we already knew that A was invertible, then we can find its
inverse by row-reducing [A|l,].

It would be useful if we could apply this without first knowing that A is invertible.

Indeed, we can:
Fact: If [A|I,] row-reduces to [I,,|C], then A is invertible and C = A1,

Proof: (different from textbook, not too important)
If [A|I,,] row-reduces to [I,|C], then c; is the unique solution to Ax = e;, so

ACe; = Ac; = e; for all 7, so AC = 1,,.
Also, by switching the left and right sides, and reading the process backwards,
|C'|1,,] row-reduces to [I,,|A]. So a; is the unique solution to Cx = e;, so

(CAe; =Ca; =e; forall 7, so CA=1,.

In particular: an n x n matrix A is invertible if and only if rref(A) = I,,.

Also equivalent: A has a pivot position in every row and column,

For a square matrix, having a pivot position in each row is the same as having a
pivot position in each column. Semester 2 2020, Week 5, Page 23 of 27



32.3: Characterisations of Invertible Matrices

As observed at the end of the previous page: for a square n x n matrix A, the

following are equivalent:

e A is invertible.
rref(A) = I,,.

A has a pivot position in every row.
A has a pivot position in every column.

This means that, in the very special case when A is a square matrix, all the statements
in the Existence of Solutions Theorem (“green theorem”) and all the statements in
the Uniqueness of Solutions Thoerem (“red theorem”) are all equivalent, so we can
put the two lists together to make a giant list of equivalent statements, on the next
page. (The third list, in blue, comes from combining the corresponding green and red
statements.) (Re the last line: you proved on ex. sheet #9 Q2c,d that it implies the
higher lines; exercise: prove that the higher lines imply it.)

HKBU Math 2207 Linear Algebra
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Theorem 8: Invertible Matrix Theorem (IMT): For a square n X n matrix A,
the following are equivalent:

A has a pivot position in
every row.

Ax = b has at least one

solution for each b in R".

The columns of A span
R™.

The linear transformation
x — Ax is onto.

There is a matrix D such
that AD = 1,,.

HKBU Math 2207 Linear Algebra

A has a pivot position in
every column,

Ax = 0 has only the
trivial solution.

The columns of A are
linearly independent.

The linear transformation
x — Ax is one-to-one.

There is a matrix C such
that CA = 1,,.

rref(A) = I,,.

Ax = b has a unique
solution for each b in R".

The linear transformation
x — Ax is an invertible
function.

A is invertible.
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We will add more statements to the Invertible Matrix Theorem throughout the class.

Important consequences:
e line 3: A set of n vectors in R™ span R" if and only if the set is linearly independent.
e line 4: A linear transformation 7' : R” — R" (i.e. same domain and codomain) is
one-to-one if and only if it is onto.

Students’ main difficulty with IMT (or other theorems from later in the class) is when
to use them, i.e. which theorems will help with which proof questions. Some tips:

e Each theorem connects two ideas, e.g. IMT connects existence and uniqueness.
When the given information is about one idea, and the conclusion you want is about
the other idea, then the theorem may be useful.

e If the situation of the question fits the conditions of the theorem, then that theorem
may be useful. E.g. if you see a square matrix, consider IMT.
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Theorem 8: Invertible Matrix Theorem continued: A is invertible if and
only if AT is invertible. (Proof: from p18 (AT)~! = (A=1)T )
This means that the statements in the Invertible Matrix Theorem are equivalent
to the corresponding statements with “row” instead of “column”, for example:
e The columns of an n X n matrix are linearly independent if and only if its
rows span R™. (This is in fact also true for rectangular matrices -
transposing switches the green and red statements. Exercise: prove it.)
e If A is a square matrix and Ax = b has a unique solution for some b, then
the rows of A are linearly independent.

Advanced application (important for probability):
Let A be a square matrix. If the entries in each column of A sum to 1, then
there is a nonzero vector v such that Av = v.

1

Hint: (A — )T 0.
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Recall from last week:

FACT: Let A — {a b}.
c d

ab], (proof in Week 5 p19)

1 d
i) ifad — b then A is invertible and A™! =
i) if a c # 0, then A is invertible an v R {—c

ii) if ad —bc =0, then A is not invertible. (proof below)
QUESTION: What is the mysterious quantity ad — bc?

It's easier to answer this using linear transformations.

a b

Let 7 : R? — R? be the linear transformation 7'(x) = [C d

] x. SoT(e1) = and T'(e3) =

So: if ad — be = 0, then the image of the unit square under T" has zero area, i.e. T(e1),T(ez) lie on

the same line. So T'(e1),T'(ez) (i.e. the columns of A) is

so A is



default
Arrow

default
Arrow


§3.1-3.3: Determinants

Conceptually, the determinant det A of a square n X n matrix A is the signed
area/volume scaling factor of the linear transformation T'(x) = Ax, i.e.:

e For any region S in R™, the volume of its image T'(5) is |det A| multiplied by
the original volume of S,

e If det A > 0, then T does not change “orientation”. If det A < 0, then T
changes “orientation”.

Example: Area of ellipse = det [g (;] X area of unit circle = abm.

A A
b This idea is
/ . > /_\a . usefu.l in
kj 1 a 0 ~_ | multivariate
X X
0 b calculus.
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Formula for 2 x 2 matrix: det [a, b

. d] = ad — be.

Example: The standard matrix for reflection through the xs-axis is [_(1) ﬂ :

Its determinant is-1-1 —0-0 = —1: reflection does not change area, but
changes orientation.

X
2 .X2

Exercise: Guess what the determinant of a rotation matrix is, and check your answer.
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 6, Page 3 of 17

Formula for 2 x 2 matrix: det [CZ 2} = ad — bc.
: " ... |10
Example: The standard matrix of projection onto the xi-axis is 0ol Its

determinant is 1 -0 — 0 - 0 = 0. Projection sends the unit square to a line, which
has zero area.

X

gl

Theorem: A is invertible if and only if det A # 0.

+ X
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Calculating Determinants

Notation: 4; is the submatrix obtained from matrix 4 by deleting the ith row and jth column of 4.

EXAMPLE:
1 2 3 4

5 6 7 8
9 10 11 12
13 14 15 16

b
Recall that det|: ¢ J :| = ad — bc and we let det[a] = a.
C

For n > 2, the determinant of an n x n matrix 4 = [a;;] is given by

det4 = anndetd11 —appdetdp + -+ + (—1)1+"a1,, detA44,

= > (-1)™aydetdy

J=1

N W B
|
HO

—_ N DN

EXAMPLE: Compute the determinant of



THEOREM 1  The determinant of an n x n matrix A can be computed by expanding across
any row or down any column:

detd = (1) detdin + (1) ai detdiz + -+ + (=1)"*"ay, detd,

n
= 2 (-1)¥ay detd;, (expansion across row i)
j=1

detd = (1) aijdetd; H(=1)"" 4 detdy; + - + (=)™ detd,y

= 2 (-1)"ay detd;, (expansion down column j)
i

Use a matrix of signs to determine (-1)"

N W -
|
HO

—_ NN

EXAMPLE: An easier way to compute the determinant of



EXAMPLE:

<~ O Dn B
c o o w
|
w w -
|
o

S}
h ©

It's easy to compute the determinant of a triangular matrix:

EXAMPLE:

N b

o O o N

© O rr W
&

A O W Ol

o

THEOREM 2: If Ais a triangular matrix, then det A is the product of the diagonal entries of A.

o O O *

*
*
0
00
0 0

(upper triangular)

o O O

*

o O O O

*

(lower triangular)



How the determinant changes under row operations:

1. Replacement: add a multiple of one row to another row. R; — R;+cR;
determinant does not change.

2. Interchange: interchange two rows. R, - R;, R; — R;
determinant changes sign.

3. Scaling: multiply all entries in a row by a nonzero constant. i = c¢R;, ¢ # 0
determinant scales by a factor of c.

To help you remember:

after after
original replacement interchange after scaling
10 1 c 01 c 0
01/ =1 |o1_1’ '10__1’ 01‘_6'

Because we can compute the determinant by expanding down columns instead of
across rows, the same changes hold for “column operations”.
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 6, Page 8 of 17

1. Replacement: R; — R; + cR; determinant does not change.
2. Interchange: R; — R;, R; — R; determinant changes sign.
3. Scaling: R; — cR;, ¢ # 0 determinant scales by a factor of c.

Usually we compute determinants using a mixture of “expanding across a row or
down a column with many zeroes” and “row reducing to a triangular matrix" .

Example: f . . , f R RQ N RQ o 5R1

N actor ou rom R Rs — Rs — TRy

05 0 o0 2 4 6 1 2 3 1 2 3

5 5 6 7:55 6 7/ =5-2|5 6 7/ =5-2|0 —4 =8

- 9 6 10 7 6 10 7 6 10 0 -8 -—11

factor out -4 from R Rs — Rs + SRy

1 2 3 1 2 3

=5-2-—410 1 2l=5-2-—410 1 2/=5-2-—4-1-1-5=-200.
0 -8 -—11 0O 0 5
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1. Replacement: R; — R; + cR; determinant does not change.
2. Interchange: R; — R;, R; — R; determinant changes sign.
3. Scaling: R; — cR;, ¢ # 0 determinant scales by a factor of c.

Useful fact: If two rows of A are multiples of each other, then det A = 0.

Proof: Use a replacement row operation to make one of the rows into a row of
zeroes, then expand along that row.

Example:
Rg — Rg — 2R1
1 3 4 1 3 4
5 9 3|=15 9 320‘3 §|—O|é §‘+O|é S‘ZQ
2 6 8 0O 0 O
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Why does the determinant change like this under row and column operations? Two
views:

Either: It is a consequence of the expansion formula in Theorem 1;

Or: By thinking about the signed volume of the image of the unit cube under the
associated linear transformation:

2. Interchanging columns changes the orientation of the image of the unit cube.

3. Scaling a column applies an expansion to one side of the image of the unit cube.
1. Column replacement rearranges the image of the unit cube without changing its
volume. A

A A

2 4 scaling replacement

T el B e L
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Properties of the determinant:

det(AT) = det A.

Theorem 6: Determinants are multiplicative: For square matrices A and B:

det(AB) = det Adet B.

In particular:
(let B= A"1)
det I 1 ‘ |
et
det(A™1) = = = , det(cA) = det det A = " det A.
det A detA .
0 c (where A is n x n)
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Properties of the determinant:

Theorem 4: Invertibility and determinants: A square matrix A is invertible
if and only if det A # 0.

Proof 1: By the Invertible Matrix Theorem, A is invertible if and only if rref(A) has
n pivots. Row operations multiply the determinant by nonzero numbers. So

det A = 0 if and only if det(rref(A)) = 0, which happens precisely when rref(A) has
fewer than n pivots.

Proof 2: By the Invertible Matrix Theorem, A is invertible if and only if its columns
span R™. Since the image of the unit cube is a subset of the span of the columns,
this image has zero volume if the columns do not span R™.

So we can use determinants to test whether {vy,...,v,} in R™ is linearly

independent, or if it spans R": it does whendet | [v1 ... v, = 0.
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Application in MultiCal (MATH2205): determinants and volumes

Example: Find the area of the parallelogram with vertices [8] : [_gl : [_;j : [g]

T(el) A
Answer: This parallelogram is the image of the
unit square under a linear transformation 1" with

> T(e) = _gl and T(ep) = [_;l]

T(ez2)

2 4]
3 -3

This works for any parallelogram where the origin is one
of the vertices (and also in R?, for parallelopipeds). '

Semester 2 2020, Week 6, Page 14 of 17

So area of parallelogram = X area of unit square = | — 6| -1 = 6.

det [_

HKBU Math 2207 Linear Algebra

Application in MultiCal (MATH2205): determinants and volumes
Example: Find the area of the parallelogram with vertices [:ﬂ : [_;l] , [_Z] , [_(1)]

T(e1)A Answer: Use a translation to move one of the
vertices of the parallelogram to the origin - this
\ does not change the area.
> The formula for this translation function is

§\ X — X — v, where v is one of the vertices of the
parallelogram.

T'(e2)
: —2 —2 0]
Here, the vertices of the translated parallelogram are _1] 111 = o
—4]  [-2] _[-2 2] [-2] [ 4] [ o] [-2]_ 2]
2 -1 | 3| —4 -1 [=3|” —1 —1 - 0]

So, by the previous example, the area of the parallelogram is 6.
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Application in ODE (MATH3405): determinants and linear systems

Cramer’s rule: Let A be an invertible n x n matrix with columns ay,...,a,.
For any b in R™, the unique solution x of Ax = b is given by

|
det (a7 ... b .. put b in the ith
] column instead of a;
i det A
Proof:
. I
Aler ... x . b... a,
] I
So I .
. b... a,
P
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 6, Page 16 of 17
I
To finish the proof, we need to show det |e; ... x ... e,| = x;.

|
Note that the ith row of this matrix is [0...z;...0].
And expanding along this ith row gives z; det([,,_1) = x;.

Some examples:
I —tz; 0 0]
n=3,1=1:det |[x ey eg| =det |22 1
o |23 0
. (1 =
n=3,1=2 det |e; x e3| =detT0 z3
. 0 3

— x1 det

Io )_\I
IP_l OI

= x9 det

IO }_\I
Ir_k oI
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Applying Cramer’s rule to solve Ax = e; gives a formula for the ith column of A~!
(see Theorem 8 in textbook; this formula is called the adjugate or classical adjoint).

~1
1 _
Exercise: use this process to show the 2 x 2 formula: [a b] = — [ d b].
cd ad —bc |—c a

Cramer's rule is much slower than row-reduction for linear systems with actual
numbers, but is useful for obtaining theoretical results.

Example: If every entry of A is an integer and det A =1 or —1, then every entry
of A=! is an integer.

Proof: Cramer’s rule tells us that every entry of A~! is the determinant of an
integer matrix divided by det A. And the determinant of an integer matrix is an
integer.

Exercise: using the fact det AB = det Adet B, prove the converse (if every entry
of A and of A~! is an integer, then det A =1 or —1).
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Remember the addition and scalar multiplication of matrices:

(A—I—B)ij:aij—Fbij, . 4 0 5 1 1 1 (5 1 6
€11 3 273 5 7" (2 8 9|
(CA)ij:C(Zij, 4 0 5 . —12 0 —15
& (3| 1 3 2/=| 3 9 ¢
s this really different from R°?
[ 4] (1] 5] [ 4] [ —12]
0 1 1 0 0
5 1 6 5 —15
~1] T3 T 2| (=3 =] 3]
3 5 8 3 -9
| 2] 7] 9] | 2] | —6]
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 7, Page 1 of 46

Remember from calculus the addition and scalar multiplication of polynomials:
eg (22 + 1)+ (—t* +3t+2) =t*+ 3t + 3.
e.g (—3)(—t* + 3t +2) = 3t* — 9t — 6.

s this really different from R3?

1 2 3 2 —6 <+ coefficient of 1
O + 3 = |3]. (—3) 3| = |=9|. < coefficient of ¢
2 —1 1 —1 3 + coefficient of ¢2
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94.1, pp217-218: Abstract Vector Spaces

As the examples above showed, there are many objects in mathematics that
“looks” and “feels” like R™. We will also call these vectors.

The real power of linear algebra is that everything we learned in Chapters 1-3
can be applied to all these abstract vectors, not just to column vectors.

You should think of abstract vectors as objects which can be added and
multiplied by scalars - i.e. where the concept of “linear combination” makes
sense. This addition and scalar multiplication must obey some “sensible rules”
called axioms (see next page).

The axioms guarantee that the proof of every result and theorem from Chapters
1-3 will work for our new definition of vectors.
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A vector space is a nonempty set I of objects, called vectors, on which are defined two
operations, called addition and muiltiplication by scalars (real numbers), subject to the ten axioms
below. The axioms must hold for all u, v and w in " and for all scalars ¢ and 4.

1. u+visin /7.

2. u+v=v+u

3. U+V)+W=U+(V+W)

4. There is a vector (called the zero vector) 0 in V" such that u+0 = u.
5. Foreach uin V, there is vector —u in V" satisfying u + (-u) = 0.

6. cuisin/.

7. c(U+V) =cU +cV.

8. (c+d)u = cu+du.

9. (cd)u = c(du).

10. 1u = u.
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Examples of vector spaces:

M3, the set of 2 x 3 matrices.

Let's check axiom 4. There is a vector (called the zero vector) 0 in ¥ such that u + 0 =

OOO]

The zero vector for My 3 is [0 0 0

You can check the other 9 axioms by using the properties of matrix addition and
scalar multiplication (page 5 of week 5 slides, theorem 2.1 in textbook).

Similarly, M,, «n, the set of all m x n matrices, is a vector space.

Is the set of all matrices (of all sizes) a vector space?
No, because we cannot add two matrices of different sizes, so axiom 1 does
not hold.
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Examples of vector spaces:

P,,, the set of polynomials of degree at most n.
Each of these polynomials has the form
ap + ait + ast® + - - + apt”,

for some numbers ag, a1, ..., a,.

Let's check axiom 4. There is a vector (called the zero vector) 0 in 7" such that u + 0 =

The zero vector for P, is 0 + 0t + 0t + - - - + Ot™.

Let's check axiom 1. u+visin V.

(aop + a1t + ast? + -+ + ant™) + (bo + byt + bat* + - - - + by t™)
= (ag +bg) + (a1 +by)t + (ag + b2)t? + - - - + (a, + b,)t", which also has degree
at most n.

Exercise: convince yourself that the other axioms are true.
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Examples of vector spaces:

Warning: the set of polynomials of degree exactly n is not a vector space,
because axiom 1 does not hold:

3 2 43 42) o042
Et +t2+£ t +t2_ ot

WV TV
degree 3 degree 3 degree2

[P, the set of all polynomials (no restriction on the degree) is a vector space.

C(R), the set of all continuous functions is a vector space (because the sum of
two continuous functions is continuous, the zero function is continuous, etc.)

These last two examples are a bit different from M, «,, and P,, because they are
infinite-dimensional (more later, see week 8.5 §4.5).

(You do not have to remember the notation M, «,,P,, etc. for the vector spaces.)
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Let W be the set of2 X 2 matrices. Is W a vector space?

1. u+visinV.
kA:AT e A= [‘L b] for some a, b, d

2. U+V=V+uU b d
3. (U+Vv)+wW=Uu+(V+W)
4. There is a vector (called the zero vector) 0 in 7"such that u+0 = u.

5. Foreach uin ¥, there is vector —u in V' satisfying u + (-u) = 0.

6. cuisin/. Note that the axioms come in two types:
7. c(U+V) —cu +cv. e Axioms 2, 3, 5,7, 8, 9, 10 are about the
interactions of vectors with each other, they do
8. (c+d)u = cu+du. not mention the space V. Since they hold for
9. (cd)u = c(du). Ms o, they also hold for W._
e So we only need to check axioms 1, 4, 6, that
10. 1u = u. mention both the vectors and the space V.
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Definition: A subset W of a vector space V is a subspace of V if the closure

axioms 1,4,6 hold:

4. The zero vector is in WW.

1. If u,v are in W, then their sum u+ v is in W. (closed under addition)

6. If uisin W and c is any scalar, the scalar multiple cu is in W. (closed under
scalar multiplication)

Fact: W is itself a vector space (with the same addition and scalar
multiplication as V) if and only if W is a subspace of V.

74
To show that W is a subspace, check all three

axioms directly, for all u,v,c (i.e. use variables).
(You may find it easier to check 6. before 1.)

W
To show that W is not a subspace, show that one of
the axioms is false, for a particular value of u, v, c.
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Definition: A subset W of a vector space V' is a subspace of V if:
4. The zero vector is in W.

1. If u,v are in W, then their sumu+ visin W.

6. If uisin W and c is any scalar, the scalar multiple cu is in W.

Tip: to show that a vector is in a set defined by “{x|f}" notation, you show that
it has the form in %, satisfying the conditions in f.

a
Example: Let W={ |0| |a,b € R}, i.e. the x1z3-plane. We show W is a subspace of R3:
b
4. The zero vector is in W because it is the vector with a =0, b = 0.
a x a T a—+x
1. Take two arbitrary vectors in W: |0| and |0|. Then 0 + 10| = 0 ceW.
b Y Y b+y
a
6. Take an arbitrary vector in W: |0f, and any ¢ € R. Then ¢ 0 0 ceW.
b
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Example: Let U = { Lj f_ 1] T e R}. To show that U is not a subspace of R?, we
need to find one counterexample to one of the axioms, e.g.

4. The zero vector is not in U, because there is no value of A

z with [xill = [8]
/ .

An alternative answer: /
1. [O] [1] are in U, but [0] + [1] = [;] is not of the

172 1 2

U

T © 1
z+ 1| 3
under addition.

form is not in U. So U is not closed

Vi

Best examples of a subspace: lines and planes containing 0
X
the origin in R? and R3. 1 %,
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Example: Let Q = {p € P3|p(t) = at + 3a for some a € R}, i.e.
Q) = {at + 3ala € R}. We show that @ is a subspace of Ps:

4. The zero polynomial (0 + 0t + 0t2 4+ 0t3) is in Q because it is at + 3a when a =

1. Take two arbitrary polynomials in ): at 4+ 3a and bt + 3b. Then
(at + 3a) + (bt + 3b) = (a + b)t + 3(a 4+ b) € Q.

6. Take an arbitrary polynomial in ): at + 3a, and any ¢ € R. Then
c(at + 3a) = (ca)t 4+ 3(ca) € Q.

Every vector space V' contains two subspaces (its smallest and biggest ones):
e The set {0} containing only the zero vector is the zero subspace:

4. 0 is clearly in the subspace.

1. 04+ 0 =0 (use axiom 4: 0 +u=u for all uin V).

6. ¢0 = 0 (use axiom 7: ¢(0 + 0) = c0 + c0; and left hand side is c0.)
e The whole space V is a subspace of V.
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The first of two shortcuts to show that a set is a subspace:

Theorem 1: Spans are subspaces: If vq,..., v, are vectors in a vector space
V', then Span{vy,...,v,} is a subspace of V.

“separate” the “free variables”

a like how we write a solution in
Redo Example: (p10) Let W = ¢ |0 |a,b € R 3.~ parametric form (week 2 p31)
b
1 0 ) 1 0
We can rewrite W as ¢ a |0| +b [0]|a,b € R } =Span< |0}, [0
0 1 0 1
So W is a subspace of R3.
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The first of two shortcuts to show that a set is a subspace:

Theorem 1: Spans are subspaces: If vq,..., Vv, are vectors in a vector space
V, then Span{vy,...,v,} is a subspace of V.

Redo Example: (p8) Let Symayo be the set of symmetric 2 x 2 matrices. Then

Sym2x2:{lcg 3]€M2X2
~{ofs S0 oo
:Span{[(l) 8]’[(1) (1)]’[8 (1)]}7

so Symeoxo is a subspace of Myyos.

mhdeR}

a,b,dER}

Warning: Theorem 1 does not help us show that a set is not a subspace.
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THEOREM 1: Spans are subspaces

If vi,...,vp are vectors in a vector space V, then Span{vy,... vy} is a subspace of V.
Proof: We check axioms 4, 1 and 6 in the definition of a subspace.

4. 0isin Span{vy,...,Vp} since

0= Vi+ Vo4 -+ Vp

1. To show that Span{vs,... vy} is closed under addition, we choose two arbitrary vectors in
Span{vy,...,Vp} :
u =8.1V1 + 8.2V2 + -0+ apr
and
V =bivi+bavo + - + bpvp.

Then
U+V =(aivi+axvo+ - +apVp) + (b1vi + bava + -+ + bpvyp)

= Vi + Vo + o+ Vp

So u + v isin Span{vy,...,Vp}.

6. To show that Span{vs,...,vp} is closed under scalar multiplication, choose an arbitrary number
c and an arbitrary vector in Span{vy,...,Vp} :

V =bivy+bovo + - + bpvp.

Then
cv =C(b1v1+bova+ -+ + bpVp)

= Vi+ Vo+ -+ Vo

So cvisin Span{vy,...,Vp}.

Since 4,1,6 hold, Span{vy,...,vp} is a subspace of V.



The second of two shortcuts to show that a set is a subspace:
Definition: The null space of a m x n matrix A, written NulA, is the solution set
to the homogeneous equation Ax = 0.

Rm

Ax +—x R

@NMA
o< °
0

Theorem 2: Null Spaces are Subspaces: The null space of an m x n matrix A
is a subspace of R”.

This theorem is useful for showing that a set defined by conditions is a subspace.

Warning: If b # 0, then the solution set of Ax = b is not a subspace, because it
does not contain 0.
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The second of two shortcuts to show that a set is a subspace:

Definition: The null space of a m x n matrix A, written NulA, is the solution set
to the homogeneous equation Ax = 0.

Theorem 2: Null Spaces are Subspaces: The null space of an m x n matrix A
Is a subspace of R".

Example: Show that the line L = { [i] € R?

Y = 21:} is a subspace of R2.

Here, we do not have “z,y € R": instead, x and y are related by the condition
y = 2x. In these situations, it's often easier to show that the given set is a null
space.

Answer: y = 2x is the same as 2x — y = 0, which in matrix form is
[2 —1} x = 0. So L is the solution set to [2 —1} x = 0, which is the null space

of the matrix [2 —1]. Because null spaces are subspaces, L is a subspace.
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The null space of an mx n matrix A, written as Nul A, is the set of all solutions to the
homogeneous equation Ax = 0.

THEOREM 2 The null space of an mx n matrix A is a subspace of R".

Proof: Nul A is a subset of R" since A has n columns. We check axioms 4,1,6 in the
definition of a subspace.

4.0 is in Nul A because

1. Axiom 1 says:

So we need to show (the conclusion in formulas):

6. Axiom 6 says:

So we need to show:

Since axioms 4,1,6 hold, Nul A is a subspace of R".



Summary:

Axioms for a subspace: Warning: no functions are involved!

4. The zero vector is in W.

1. If u,v arein W, then u+ v is in W. (closed under addition)

6. If uisin W and c is a scalar, then cu is in W. (closed under scalar multiplicatio

Ways to show that a set W is a subspace:

h
o { x |s,teR} CO0E v, W, {sv 4+ tw|s,t € R} = Span{v,w}.

F choose A

o {xcR"| {x € R"|Ax = 0} = NulA.
e Show that W is the kernel or range of a linear transformation (later, p41-42).
e Check all three axioms directly, for all u, v, c.

To show that a set is not a subspace:
e Show that one of the axioms is false, for a particular value of u, v, c.

Best examples of a subspace: lines and planes containing the origin in R? and R3.
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One example of the power of abstract vector spaces - solving differential equations:

Question: What are all the polynomials p of degree at most 5 that satisfy
d2

() — 4 p(t) + 3p(1) = 3t — 17

Answer: The differentiation function D : P5 — P5 given by D(p) = Zp is a linear
transformation (later, p39).

The function T : P5 — P5 given by T'(p) = j—;p( t) — 4L p(t) + 3p(t) is a sum of
compositions of linear transformations, so T is also linear.

We can check that the polynomial £ + 1 is a solution.

So, by the Solutions and Homogeneous Equations Theorem, the solution set to the
above differential equation is all polynomials of the form ¢+ 1+ q(t) where T'(q) =
Extra: P5 is both the domain and codomain of 7', so the Invertible Matrix Theore
applies. So, if the above equation has more than one solution, then there is a

polynomial g such that 2p( ) — 44 p(t) + 3p(t) = g(t) has no solutions.
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84.2, pp229-230, pp249-250: Subspaces and Matrices

Each linear transformation has two vector subspaces associated to it.

For each of these two subspaces, we are interested in two problems:
a. given a vector v, is it in the subspace?

b. can we write this subspace as Span{vy,...,v,} for some vectors vi,...,v,?
The set {v1,...,v,} is then called a spanning set of the subspace.

b% can we write this subspace as Span{vy,...,v,} for linearly independent vectors
Vi,...,Vvp? The set {vi,...,v,} is then called a basis of the subspace.

Problem b is important because it means every vector in the subspace can be
written as ¢y vy + -+ + ¢, vp. This allows us to calculate with and prove
statements about arbitrary vectors in the subspace.

Problem b is important because it means every vector in the subspace can be
written uniquely as ¢1vy + - -+ + ¢, vy, (proof next week, §4.4).

We turn a spanning set into a basis by removing some vectors - this is the

Spanning Set Theorem / casting-out algorithm (p28, also week 8 p10).
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Remember from p16:

Definition: The null space of a m x n matrix A, written NulA, is the solution set
to the homogeneous equation Ax = 0.

Rm

Ax +—1x R™

@NulA
o= °
0
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NulA is implicitly defined (i.e. defined by conditions) - problem a is easy,

problem b takes more work.

Example: Let A = [

Answer:

a. Av = [:ﬂ # 0, so v is not in NulA.

1 0
b. [A|0] row reduction . [0 1

So the solution set is { s

O = NN

HKBU Math 2207 Linear Algebra

1 34 -3
3 =78 =5

+t

1
1] .
} a. Isv = 1] NulA?
_1_
b. Find vectors vy,...,v, which span NulA.

T, = 2x3 —3%4
To = 2T —22174

2 2]0| —» 4,
[—3] 2] [-3]
—2 2 —2

0 s,t € R 3. So NulA = Span 1K O>'
|1 linearly independent O\_/l_
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In general: the solution to Ax = 0 in parametric form looks like
{siw; +s;w; +...[s;,85,--- € R}, where x;,x;,...

for each free variable),

are the free variables (one vector

To determine if the ws are linearly independent, solve ¢;w; 4+ ¢;w; 4 --- = 0 for the cs.
Look in the ith row: the ith row of wj; is 1; the ith row of any other w; is 0. So ¢; = 0.
The same argument shows that all cs are zero, so the ws are linearly independent.

b. [A[0] _row reduction [

So the solution set is ¢ s

S = DN DN
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1
0

+t

T, = 2x3 —3%4
To = 2x3 —2T4

—2 2|0 —> 2,
[—3] 2] [-3]
—2 2 —2
0 s,t € R ». So NulA = Span 1E O>
|1 linearly independent _O_\/l_

W3 Wy
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Definition: The column space of a m x n matrix A, written ColA, is the span of
the columns of A.

Because spans are subspaces, it is obvious that ColA is a subspace of R™.

It follows from §1.3-1.4 that ColA is the set of b for which Ax = b has solutions.

R™
n
Ax +—x R
ColA -
NulA
[ ]
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ColA is explicitly defined - problem a takes work, problem b is easy.

0O 3 -6 64 )
Example: Let A=|3 —7 8 =5 8. a.Isv=] 9] in ColA?
1 -3 4 -32 5
b. Find vectors vy, ..., v, which span ColA.
Answer:
0 3 =6 6 4|=5| row reduction 1 -3 432 5
a. |3 =7 8 =5 8| 9 > 0O 1 -221(-3
1 _3 4 _3 2 5 to eChelon form O O O 0 1 4

There is no row [0...0|H], so v is in ColA.

b. By definition, ColA is the span of the columns of A, so

0 3 —6 6 4
ColA = Span 31,1-=7,] 8|,|-5], |8
1 3 4 -3 2

Note that this spanning set is not linearly independent (more than 3 vectors in R3).
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HKBU

Contrast Between Nul A and Col A for an m x n Matrix A

Nul A

Col 4

1. Nul A 1s a subspace of R".

Nul A 1s implicitly defined; that 1s, you are
given only a condition (4x = 0) that vec-
tors in Nul A must satisfy.

It takes tume to find vectors in Nul A. Row
operations on [ A | 0] are required.

. There is no obvious relation between Nul 4

and the entries in A.

. A typical vector v in Nul A4 has the property

that Av = 0.

Given a specific vector v, it 1s easy to tell if
v is in Nul A. Just compute Av.

. Nul A = {0} if and only if the equation

Ax = 0 has only the trivial solution.

Nul A = {0} if and only if the linear trans-
formation x +> AX is one-to-one.

(8

. Col A 1s a subspace of R"™.

Col A 1s explicitly defined; that is, you are
told how to build vectors in Col A.

It 1s easy to find vectors in Col A. The
columns of A are displayed; others are
formed from them.

. There is an obvious relation between Col 4

and the entries in A4, since each column of
Aisin Col 4.

. A typical vector v in Col A has the property

that the equation Ax = v is consistent.

Given a specific vector v, it may take time
to tell if v 1s in Col A. Row operations on
[ A | v] are required.

. Col A = R™ 1f and only if the equation

Ax = b has a solution for every b in R™.

Col A = R™ if and only if the linear trans-
formation x +— Ax maps R" onro R™.

p.222 of
textbook

< problem b

< problem a
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As we saw on p26, it is easy to obtain a spanning set for ColA (just take all the
columns of A), but usually this spanning set is not linearly independent.

To obtain a linearly independent set that spans Col A, take the pivot columns of A -
this is called the casting-out algorithm.

] 0 3 -6 614
Example: Let A= |a; ay az3 a4 a5| = |3 —7 8 —5 8§|.
. 1 -3 4 -3 2
Find a linearly independent set that spans ColA.
Answer: 03 =6 641 4, reduction 1 -3 432
3 -7 8 =5 8 » (0 1 -2 21
1 -3 4 —3 9| toechelon form 0 0 001
0 3 4
The pivot columns are 1,2 and 5, so {ay,az,a5}=< (3|, |—=7|, |8]| ¢ is one answer.
1 3 2
(The answer from the casting-out algorithm is not the only answer - see p35.)
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Casting-out algorithm: the pivot columns of A is a linearly independent set that
spans ColA.

Why does the casting-out algorithm work part 1: why the pivot columns are
linearly independent:

Example:

I 0 3 -6 64 duct 1 -3 432
t

A= la; as a3 a, as| = |3 —7 8 —p5 g| 2WIEQUCON 1y 1 99
I . 1 -3 4 -3 2| toechelonform [0 o 00 1
. 1 -3 2

So |a; as ag| is row-equivalentto [0 1 1], which has no free variables.
. 0 01

So {ai,as, a5} is linearly independent.
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Casting-out algorithm: the pivot columns of A is a linearly independent set that
spans ColA.

Why does the casting-out algorithm work part 2: why the pivot columns span ColA:

To explain this, we need to look at the solutions to Ax = O:

Example:
N 0 3 =6 6 4] oy reduction |}V =230
A= |a; ay a3 a4 as| = |3 -7 &8 -5 8 »01 -2 20
o 1 -3 4 —3 2| torref 00 001
So the solution set to Ax =0 is ; :g where s,t can take any value.
r3=1 s |1| +t Of z3 =0
Tg4 =— 0 1 rq4 =— 1
_0_ - O_
These correspond respectively to the linear dependence relations
2a; + 2as + a3 = 0 and —3a; — 2a5 + a4, = 0.
Rearranging: ag = —2a; — 2a, and as = 3a; + 2a,.
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 7, Page 30 of 46
A(2,2,1,0,0) =0 ——» 28.1 —|—2a2 +as = 0O —» agz = —2&1 —28.2.

A(—3, —2,0, 1,0) =0 —>» —331 — 232 + a4 = 0O——» g = 33.1 + 232.

In other words: consider the solution to Ax = 0 where one free variable z; is 1, and
all other free variables are 0. This corresponds to a linear dependence relation

among the columns of A, which can be rearranged to express the column a; as a
linear combination of the pivot columns.

Why this is useful: any vector v in ColA has the form

V =cja; + c2a2 + c3a3 + c4a4 + Csas,
which we can rewrite as
c1a; + caas + c3(—2a; — 2as) + c4(3a; + 2a3) + csa5
=(c1 — 2¢3 + 3cq)ag + (ca — 2¢3 + 2¢4)as + csas,
a linear combination of the pivot columns aj,as,as. So v is in Span {a;, as, a5},
and so ColA = Span {a;,as,as}.
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Another view: the casting-out algorithm as a greedy algorithm:

Example:

a] Az ag a4 aj

| 1
0
| 0

rref

rref

rref | [a; as ag

HKBU Math 2207 Linear Algebra

6

—
(—

row reduction

DO W

|

| —
—

0O 3 —6 4
3 -7 8 8
1 -3 4 9 to rref

o O =
o = O
|
N DN

-3

~
(_—
—_

has a pivot in every column, so {a;} is linearly independent,
so we keep aj.

10
0 1| has a pivot in every column, so {aj,as} is linearly

0 0| independent, so we keep as.
10 -2

= [0 1 —2]| does not have a pivot in every column, so
00 0| {a1,a2, a3} islinearly dependent, so we

remove as.
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Another view: the casting-out algorithm as a greedy algorithm (continued):

Example:

a] az 4dz a4 as

rref

rref

HKBU Math 2207 Linear Algebra

03 -6 064\ (o reduction |10 230
=13 =7 8 —5 8 » (01 —2 20
1 -3 4 -3 2| torref 00 001
(1 0 3]
= |0 1 2| does not have a pivot in every column, so
00 0| {ai,as,as} is linearly dependent, so we
) ~ remove ay.
(1 0 0]
= |0 1 0| has a pivot in every column, so {aj,as,as} is
0 0 1| linearly independent, so we keep as.
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So the casting-out algorithm is a greedy algorithm in that it prefers vectors that

are earlier in the set.
. 0O 3 -6 614

Example: Let A= |a; ay a3 a4 a5| = |3 =7 8 -5 8
. 1 -3 4 -3 2
Find a linearly independent set containing asz that spans Col A.

Answer: To ensure that the set contains a3, we should make it the leftmost

column - e.g. we row-reduce (a3 a; as a4 as| and take the pivot columns.

Warning: the example on the previous two pages is a little misleading: a subset of
the columns of rref(A) is not always the reduced echelon form of those columns of

| 0 -2
A, egrref | |az a3 # |1 —2| (because this isn't in reduced echelon form).
| 0 0

The correct statement is that a subset of the columns of rref(A) is row equivalent

to those columns of A.
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Definition: The row space of a m x n matrix A, written Row A, is the span of the
rows of A. It is a subspace of R".

0 1 0 4 1 0 -3 =2
Example: A= {0 2 0 8 rref(A)=(0 1 0 4
1 1 -3 2 00 0 0

RowA = Span{(0,1,0,4),(0,2,0,8),(1,1,-3,2)}.

RowA is explicitly defined - indeed, it is equivalent to ColA”".
So, to see if a vector v is in RowA, row-reduce [AT|v71].
To find a linear independent set that spans RowA, take the pivot columns of AT, or..

Theorem 13: Row operations do not change the row space. In particular, the

nonzero rows of rref(A) is a linearly independent set whose span is RowA.
E.g. for the above example, RowA = Span {(1,0, -3, —2),(0,1,0,4)}.

Warning: the “pivot rows" of A do not usually span RowA:
e.g. here (1,1,—3,2) is in RowA but not in Span {(0,1,0,4),(0,2,0,8)}.
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Theorem 13: Row operations do not change the row space. In particular, the
nonzero rows of rref(A) is a linearly independent set whose span is RowA.

An example to explain why row operations do not change the row space:

01 04 01 0 4 [T 0y-3 —2] &
A=1(02 08 Ry —2R410 0 0 O rref(A) = 0 4|R,
11 -32 Rs3—R; |1 0 =3 =2 00 0 OfRj

Take any vector in the row space, i.e. any linear combination of Ry, Rs, R3,

e.g. Ro+ R3 = (1,3,-3,10).

We can rewrite it as a linear combination of the rows R}, R}, R of rrefA:

e.g. (1, 3, —3, 10) = Ro+ R3 = (RQ — 2R1) + (R3 — Rl) + 3R = Rg + Rll —|—3R’2.

Proof of the second sentence in Theorem 13:
From the first sentence, Row(A) = Row(rref(A)) = Span of the nonzero rows of
rref(A). Because each nonzero row has a 1 in one pivot column (different column for

each row) and Os in all other pivot columns, these rows are linearly independent.
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Summary:

A basis for W is a linearly independent set that spans W (more next week).

e NulA=solutions to Ax = 0, basis for NulA: solve Ax = 0 via the rref.
e ColA=span of columns of A, basis for ColA: pivot columns of A.
e RowA=span of rows of A. basis for RowA: nonzero rows of rref(A).
Rm
R’I’L
Ax +—i x
yeln - RowA
0
NulA
ColA is in R™, NulA, RowA are in R™.
In general, ColA # Col(rref(A)). NulA = Nul(rref(A)), RowA = Row(rref(A)).
(think about A = [; ;] )
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PP222-223: Linear Transformations for Vector Space

Recall (week 4 §1.8) the definition of a linear transformation:
Definition: A function T': R® — R"™ is a linear transformation if:
1. T(u+v)="T(u)+T(v) for all u,v in the domain of T’

2. T'(cu) = ¢T'(u) for all scalars ¢ and for all u in the domain of 7.

Now consider a function T : V' — W, where V, W are abstract vector spaces.
Because we can add and scalar-multiply in V, the left hand sides of the
equations in 1,2 make sense.

Because we can add and scalar-multiply in W, the right hand sides of the
equations in 1,2 make sense.

So we can ask if functions between abstract vector spaces are linear:
Definition: A function T': V — W is a linear transformation if:

1. T(u+v)=T(u)+T(v) for all u,vin V;

2. T'(cu) = T'(u) for all scalars ¢ and for all uin V.

Hard exercise: show that the set of all linear transformations V' — W is a vector spac
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Definition: A function T': V' — W is a linear transformation if:

1. T(u+v)="T(u)+T(v) for all u,vin V;

2. T'(cu) = T'(u) for all scalars ¢ and for all u in V.

Example: The differentiation function D : P,, — IP,,_1 given by D(p) = %p,

D(ag + art + ast? + -+ + ant™) = a1 + 2a9t + - - - 4+ nat" ",

is linear.

If you've taken a calculus class, then you already know this:
When you calculate %(315 +2t3) =3 +2-2t
d

you're really thinking 3£t + 2—162

Method A to show that D is linear:

d d d
Dlp+aq)=—(p+a) = —p+-a=D(p)+ D(q); and
d d
D(cp) = —(cp)  =cop = cD(p)
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Definition: A function T': V. — W is a linear transformation if:
1. T(u+v)="T(u)+T(v) for all u,vin V;
2. T'(cu) = T'(u) for all scalars ¢ and for all u in V.

Example: The differentiation function D : P,, — IP,,_; given by D(p) = %p,

D(ag + art + ast? + -+ + ant™) = a1 + 2ast + - - - 4+ nat" ",
Is linear.
Method B to show that D is linear - use the formula:
D((ag +bo) + (ay +b1)t + (ag + b)t* + -+ + (an + by)t")

= (a1 +b1) + 2(ag + b))t + - - + n(a, + b,)t"?
= ay + 2a5t + -+ +nat" "t 4 by + 2ot + -+ - + nbt" 1
= D(ag + a1t + agt® + -+ + ant™) + D(bg + byt + bat* + -+ - + b,t"); and
D((cag) + (cay)t + (cax)t® + - -+ + (can)t™) = (car) + 2(caz)t + - - - + n(can)t" *
= c(a; + 2ast + - - + napt™ )
= cD(ag + ait + agt® + - - - + apt™).



Example: The “multiplication by ¢" function M : P, — P,,,1 given by
M(p(t)) = tp(t),
M(ag 4+ art + - -+ apt™) = t(ag + a1t + - - - + ant™),

is linear:

Method A a7 (p + q) = t](p + @) ()] = tp(t) + ta(t) = M(p) + M(q); and
M(cp) = t[(cp)(t)] = clt(p(t)] = cM(p)

Method B:

M((ag 4+ bo) + (a1 +b1)t + -+ - + (an, + by)t"™)
(ao +bo) + (a1 + b1)t + -+ -+ (an + by)t™))
ap + ait+ -+ ant™) +t(bo + bit + - - - + bpt™)
= M(ag + art+ -+ apt™) + M(byp + b1t + - - - + b,t™); and
M ((cag) 4 (car)t + - - + (can)t"™) = t((cag) + (car)t + - - - + (can)t")
= ct(ag + a1t + - - - + apt™)

= cM(ap + a1t + - + a,t™).
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The concepts of kernel and range (week 4, §1.9) make sense for linear transformations
between abstract vector spaces:

Definition: The kernel of T is ker T' = {v € V|T(v) = 0}.

Definition: The range of T is rangeT = {w € W|w = T'(v) for some v € V'}.

Example: Consider the differentiation function D : P,, — P,,_1, given by D(p) = %p.

ker D = {p P, | %p = 0} = the set of constant polynomials {ag|ag € R}.

rangeD = {q eP, 1]lq= %p for some p € IP’n}. For any q € P,,_1, letting

p = [ qdt solves q = %p, so rangeD is all of P,,_; (i.e. D is onto).
Exercise: what is the kernel and range of the multiplication by ¢ function M (p) = tp(&
Our proof that null spaces are subspaces (p18) can be modified to show that the kernel

of a linear transformation is a subspace.
Exercise: show that the range of a linear transformation is a subspace.
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Recall from p17: to prove that a subset of R™ defined by conditions is a subspace,
we can try to show it's a null space:

(xR § }Ehoose A o RniAx — 0} = NulA.

If our subset defined by conditions is in a different vector space from R"”, then we
can similarly try to show it's a kernel.

- 2
(xev| t yhoose TV =7 v viT(x) = 0} = ker T.

You will need to show that the 7" you choose is linear.

The second answer (p46) to this example uses this new shortcut.

Example: Let K = {p € P3|p(2) = 0}, i.e. the polynomials p(t¢) of degree at mos
3, which output 0 when we set t = 2. Show that K is a subspace of Ps.

Before we answer the question, let's make sure we understand what K is:
eg. t—1isnotin K because 2 —-1=1#0.
eg. —t?+3t+2isin K because —22+3-2+2=0.
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Example: Let K = {p € P3|p(2) = 0}. Show that K is a subspace of PPs.
Answer 1: Checking the axioms directly.

4. The zero polynomial (0 + 0t + 0t% 4 0¢3) is in K because
02)=0+0-24+0-2240-23=0.

1. We need to show that, if p,q are in K, then p+ qisin K.
Translation: p(2) =0,q(2) =0 (p+a)(2) =0

Method A: (p +q)(2) = p(2) +q(2) =0+0=0.
Method B: Suppose p(t) = ag + ait + ast? + ast> so ag + a2 + a22% + a323 = 0.
Suppose q(t) = by + byt + bat? + b3t3 so by + by 2 + ba2% + b323 = 0.
(p+q)(t) = (ag + bo) + (a1 + b1)t + (as + b2)t? + (a3 + b3)t>.
So (P+a)(2) = (ao + bo) + (a1 + b1)2 + (az + b2)2° + (a3 + b3)2°
= (ag + a12 + a22? + a32®) + (bo + b12 + by2% + b32%)

=0+0=0
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Example: Let K = {p € P5|p(2) = 0}. Show that K is a subspace of Ps.
Answer 1: (continued): Checking the axioms directly.

6. Method A:
For p in K and any scalar ¢, we have (¢p)(2) = ¢(p(2)) =c0 =0, so cp is in K.

Method B:

Take p = ag + a1t + ast? + ast? in K, so ag + a12 + a22? 4+ a323 = 0. Then
cp(2) = (cag) + (cay)2 + (caz)2? + (caz)2® = c(ag + a12 + a22% + a323) = c0 =
socpisin K.
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Example: Let K = {p € P3|p(2) = 0}. Show that K is a subspace of P3.

Answer 2: Showing that K is a kernel.
Consider the evaluation-at-2 function Fs : P35 — R given by E5(p) = p(2),

Es(ag + ait + ast? + a3t3) = ag + a12 + a22% + a32?

FEs5 is a linear transformation because
1. For p,q in P3, we have

Ex(p+a) = (p+a)2) =p2)+a(2) = E2(p) + Ez2(q).
2. For p in P3 and any scalar ¢, we have Fy(cp) = (cp)(2) = ¢(p(2)) = cEs(p).
So FEs is a linear transformation. K is the kernel of F5, so K is a subspace.

Can we write K as Span{p1,...,p,} for some linearly independent polynomials
Pi,---,Pp?

One idea: associate a matrix A to F5 and take a basis of NulA using the rref.
To do computations like this, we need coordinates.
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From the beginning of last week:
Remember from calculus the addition and scalar multiplication of polynomials:

eg (262 4+ 1)+ (—t* +3t+2) =t* + 3t + 3.
e.g (—3)(—t* + 3t +2) = 3t* — 9t — 6.
We want to represent abstract vectors as column vectors so we can

do calculations (e.g. row-reduction) to study linear systems (e.g.
week 7 p21) and linear transformations (e.g. week 7 p44).

Is this realb/ different from R37?

1 2 3 2 —6 <+ coefficient of 1

0| + 31 = |3]. (—3) 3| = |=9|. < coefficient of ¢

2 —1 1 —1 3 + coefficient of 2
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We want to represent abstract vectors as column vectors so we can do calculations
(e.g. row-reduction) to study linear systems and linear transformations.

X1
InR"™ | 1| =z1e1 4+ +xne,. {b1,...,b,}
T must span V'
We can copy this idea: in V, pick a special set of vectors {by,...,b,}, write each

C1
x in V uniquely as ¢1b1 + - - - + ¢, b,, and represent x by the column vector

\ {biy,...,b,} must be Cn
linearly independent

Example: In Py, let by = 1,by = ¢, bg = t2.
ao
Then we represent ag + a1t + ast? by |a;| (see previous page).
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34.3: Bases

Definition: Let W be a subspace of a vector space V. An|indexed set |of vectors
B={by,...,b,} in Vis a basis for W if

i B is a linearly independent set, and The order matters:
i Span{b;,...,b,} =W. {b1,bs} and {bs, by}
are different bases.
I means: The only solution to 1b; +---+x,b, =0isx; =--- =1z, =0.
ii means: W is the set of vectors of the form c1by + --- 4+ ¢,b, where c,..., ¢,

can take any value.

Condition ii implies that by, ..., b, must be in W, because Span{b;,...,b,}
contains each of by, ..., b,.

Every vector space V is a subspace of itself, so we can take W =V in the
definition and talk about bases for V.
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Definition: Let W be a subspace of a vector space V. An indexed set of vectors
B=1{bi,...,b,} in Vis a basis for W if

i B is a linearly independent set, and

i Span{by,...,b,} =W.

Example: The standard basis for R? is {e1, es, e3}, where

1 0 0
€] = 0,622 1 ,e3 = 0].
0 0 1
e 100
To check that this is a basis: |e; ey es| = [0 1 0] isin reduced echelon form.
T 001

The matrix has a pivot in every column, so its columns are linearly independent.
The matrix has a pivot in every row, so its columns span R3.
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Definition: Let W be a subspace of a vector space V. An indexed set of vectors
B={by,...,b,} in Vis a basis for W if

i B is a linearly independent set, and

i Span{by,...,b,} =W.

A basis for W is not unique: (different bases are useful in different situations, see

week 9).
Let's look for a different basis for R3.
1 0
Example: Let vi = |2| ,vo = |1|. Is {vy,Vv2} a basis for R3?
0 1
| | 1 0
Answer: No, because two vectors cannot span R3: [v; vo| = [2 1| cannot
] o

have a pivot in every row.
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Definition: Let W be a subspace of a vector space V. An indexed set of vectors
B=1{bi,...,b,} in Vis a basis for W if

i B is a linearly independent set, and

i Span{by,...,b,} =W.

A basis for W is not unique: (different bases are useful in different situations, see

week 9).
Let's look for a different basis for R3.
1 0 —1
Example: Let vi = |2| ,vo = |1|,v3= | 0. Is {vy,va,v3} a basis for R3?
0 1 3
| | | 1 0 -1
Answer: Form the matrix A = [vy vy v3| = (2 1 0. Because
. 0 1 3

det A =1 # 0, the matrix A is invertible, so (by Invertible Matrix Theorem) its

columns are linearly independent and its columns span R3.
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Definition: Let W be a subspace of a vector space V. An indexed set of vectors
B={by,...,b,} in Vis a basis for W if

i B is a linearly independent set, and

i Span{by,...,b,} =W.

A basis for W is not unique: (different bases are useful in different situations, see

week 9).

Let's look for a different basis for R3.
1 0 1 0

Example: Let vi = |2| ,vo = [1|,v3=|1]|,vy= |0f. Is {vy,vo,v3,vs} a
0 1 0 1

basis for R3?

Answer: No, because four vectors in R3 must be linearly dependent:

L1 1] [roto
vy vo vy v4| = [2 1 1 0 cannot have a pivot in every column.
] 0101
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By the same logic as in the above examples:
Fact: {vi,...v,} is a basis for R” if and only if:
e p=n (i.e. [the set has exactly n vectors|), and

o det |vy ... wv,| #0.

Fewer than n vectors: not enough vectors, can't span R™.
More than n vectors: too many vectors, linearly dependent.
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Example: The standard basis for P,, is B = {1,¢,¢%,...,¢"}.

To check that this is a basis:
ii By definition of P,,, every element of P, has the form
ap + ait + ast® + - - + ant™, so B spans P,,.
i To see that B is linearly independent, we show that ¢co = ¢y =---=¢, =0 is
the only solution to
co + 1t + cot? + - -+ + ¢, t" = 0. (the zero function)
Substitute t = 0: we find ¢ = 0.
Differentiate, then substitute ¢ = 0: we find ¢; = 0.
Differentiate again, then substitute ¢t = 0: we find co = 0.
Repeating many times, we find co =c; =---=¢, = 0.
Once we have the standard basis of P,,, it will be easier to check if other sets are
bases of P,,, using coordinates (later, pl4).

Advanced exercise: what do you think is the standard basis for M, «,?
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One way to make a basis for V' is to start with a set that spans V.

Theorem 5: Spanning Set Theorem: If V' = Span{vy,...,v,}, then some subs
of {vi,...,Vp} is a basis for V.

Proof: basically, the idea of the casting-out algorithm (week 7 p29-35) works in
abstract vector spaces too.

o If {vi,...,v,} is linearly independent, it is a basis for V.

o If {vi,...,v,} is linearly dependent, then one of the v;s is a linear combination
of the others. Removing this v; from the set still gives a set that spans V.
Continue removing vectors in this way until the remaining vectors are linearly
independent.

Example: Py = Span {5, 34t,14+2t2,4+ 2t — 4152}, but this set is not linearly
independent because 4 + 2t — 4t? is a linear combination of the other polynomials:
4+ 2t — 42 = 2(3 +t) — 2(1 + 2t?). So remove 4 + 2t — 4t to get the set

{5, 3+t,1+ 2t2}, which is in fact a basis (we can show this with coordinates,

pl4-15).
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PP 234, 238-240 (§4.4), 307-308 (§5.4): Coordinate

Recall (p2) that our motivation for finding a basis is because we want to write each
vector x as ¢;by + - -- 4+ ¢,b, in a unique way. Let’s show that this is indeed possi

Theorem 7: Unique Representation Theorem: Let B = {b;,...,b,} be a
basis for a vector space V. Then for each x in V, there exists a unique set of

scalars ¢y, ..., ¢, such that
X=cb;+---+c¢,b,.
Proof:
Since B spans V/, there exists scalars ¢y, ..., ¢, such that the above equation holds.

Suppose x has another representation
X:d1b1—|——|—dnbn

for some scalars dq,...,d,. Then

O=x—x=(c1 —dy)by + -+ (¢, — dp)by.
Because B is linearly independent, all the weights in this equation must be zero, i.e.
(Cl—d1):"': (Cn—dn) = 0. So C1 :d1,...,cn=dn.
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Because of the Unique Representation Theorem, we can make the following definitio

Definition: Let B = {by,...,b,} be a basis for V. Then, for any x in V, the
coordinates of x relative to I3, or the B-coordinates of x, are the unique weights
C1,...,Cp such that

X:C;[bl —|——|—Cnbn

The vector in R"™
C1

Is the coordinate vector of x relative to BB, or the B-coordinate vector of x.

Example: Let B = {1,¢,t%,t*} be the standard basis for P5. Then the coordinate

ao
. .y aq
vector of an arbitrary polynomial is [ag + a1t + ast? + azt3|g = .
2
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Why are coordinate vectors useful?

Because of the Unique Representation Theorem, the function V to R" given by
o

a

az

as

x — [x]|5 (e.g. ag+ ait + ast? + aszt® — ) is linear, one-to-one and onto.

Definition: A linear transformation T': V — W that is both one-to-one and
onto is called an isomorphism. We say V' and W are isomorphic.

This means that, although the notation and terminology for V and W are
different, the two spaces behave the same as vector spaces. Every vector space
calculation in V' is accurately reproduced in W, and vice versa.

Important consequence: if V' has a basis of n vectors, then V' and R" are
isomorphic, so we can solve problems about V' (e.g. span, linear independence)
by working in R".
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If V' has a basis of n vectors, then V' and R" are isomorphic, so we can solve
problems about V' (e.g. span, linear independence) by working in R™.

Example: Is the set of polynomials {1,2 —t, (2 —¢)?, (2 —¢)?} linearly independent?
Answer: The coordinates of these polynomials relative to the standard basis of Pg ar

(1] 4
0 9 9 —4
s = o] (=t s=[4—-4+5 =] ||,
-0— L O_
2] 8]
—1 3 2 _ 43 —12
2-tls =1 o [@=0]s=[@8-12t+6°-t]p = 6
0 —1

The set of ponnomiaIs_is Ii_nearly independent if and only if their coordinate vectors a
linearly independent (continued on next page).
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Example: Is the set of polynomials {1,2 —¢, (2 —t)?, (2 —¢)®} linearly independent

Answer: (continued). The matrix [1 2 4 ]
0O -1 —4 -—-12
0 O 1 6
o 0 0 -1

is in echelon form and has a pivot in every column, so its columns are linearly
independent in R*. So the polynomials are linearly independent.

(Alternative: this matrix is upper triangular so its determinant is the product of the
diagonal entries 1- —1-1-—1 =1 #£ 0, so the matrix is invertible, and by the
Invertible Matrix Theorem, its columns are linearly independent in ]R4.)

In fact the polynomials form a basis: IMT says that the columns of the above matrix
also span R*, so the polynomials span Ps.

Advanced exercise: if p; has degree exactly 4, then {po, p1,...,Pn} is a basis for P,

(This idea is how | usually prove that a set is a basis in my research work.)
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If £ ={e1,...,e,} is the standard basis for R™, then
L1 L1

X=|!|=z1€1+ - -Fxp€y soXlg=]|!]|=x
Ln Ln

Harder example: (in preparation for week 9, change of coordinates) Let
F=A{1,2-¢t(2—-1)%(2—1t)%}. We just showed that F is a basis. So if the

2
JF-coordinates of a polynomial p is [p|r = E)L , then what is p?
__1_
Answer:
2
plF = 3 means p=2+4(2 1) +0(2—1)% — 1(2 —t)3 = 2 + 8 — 6t + ¢5.
—1
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If V' has a basis of n vectors, then V' and R" are isomorphic, so we can solve
problems about V' (e.g. span, linear independence) by working in R™.

What about problems concerning linear transformations 7" : V. — W?

Remember from week 4 §1.9: Every linear transformation 7' : R™ — R™ is a matrix

transformation 7'(x) = Ax, wheAre/— apply T to ith basis vector, put the
coordinates of the result into column 1

A= |T(e;) ... T(en)| (standard matrix of T').
| | |

A reminder why T'(x) = Ax:

. 1
T(x) =T(rre1+ - +xnpe,) = 1T (e1)+ - +x,T(e,) = |T(e1) ... T(ey)
L Tn
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 8, Page 17 of 23
We do a similar calculation in an abstract vector space V, with basis B = {by, ..., b,

Suppose T': V' — V is a linear transformation, and v € V is v = ¢1by + - - - 4+ ¢, by,:
T(v) = T(eib1+---+cpbn) =T (by)+ -+ ¢, T(by)
[T(v)lg = [T(c1b1 + -+ cpby)s = a1[T'(b1)]g + - + cu[T'(by)]5

| | | ‘1
= [T(b|1)]5 - -|- [T(b|n)]3

| | ]
= [T(lTl)]B : -|- [T(b|n)]3 V)5

Definition: If V is a vector space with basis B = {by,....,b,}and T VoV
is a linear transformation, then the matrix for T’ relative to B is
| | | (so the standard matrix of T"is [T]]

T] = [[T'(by)lg ... [T(by)]s| . _ ] E—E
BB | | | where £ is the standard basis of R™.
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DEFINITION:If V is a vector space with basis B = {by,...,b,} and
T :V — Vs a linear transformation, then the matrix for T relative to B is

[T =1T®)ls .. [T(ba)ls
| | |

EXAMPLE:Let D : P, — Py be the differentiation function

d
D(ag + ait + ast?) = a(&g + art + agt?) = a; + 2ast.

Work in the standard basis of Py: by = 1,by = ¢, by = ¢2.

D(b;) = D(bg) = D(bs) =
[D(b1)] = [D(b2)] = [D(bs)] 5 =
So

2=



The matrix [T] is useful because
BB T(x)]s = [T] |5, (%)
B+B

so we can solve T'(x) =y by row-reducing [B[T] ‘[Y]B}.

~—B

Example: Let D : Py — Py be the differentiation function D(p) = %p as on the
previous page. Here is an example of equation (x) for x = 2 + 3t — t2.

d
D(2+3t—t2):%(2+3t—t2) =32t

2 0O 1 0 2 3
D] |3 | =10 0 2 3| =1-2
BB | -1 0 0 O0f (-1 0
Some other things about D that we can learn from the matrix [D]: 010l 1
B+B
e We can solve the differential equation %p = 1 — 3t by row-reducing [0 0 2| —3
000 O
e [D] is in echelon form, and it does not have a pivot in every column, so D is not

BB
one-to-one (which you know from calculus - this is why indefinite integrals have +

As you may have guessed from the notation [T, it is possible to define similar
B+B

matrices [T] using different “input” and “output” bases B and C. This is useful
C+B

when T : V — W has different domain and codomain. But we will not consider this
more general case.

Note that the textbook writes [T|z for [T] . You need to understand this notation in

B+B
homework and exams.

Warning: if x is a vector , then [x]p is a column vector.

if T is a linear transformation, then [T]p is a matrix.
i.e. the notation [ |p means a different thing depending on what is inside the bracket.
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Basis and coordinates for subspaces:

a
Example: Let W = 0|la,b€R p. We showed (week 7 pl4) that W is a
b
1] [o (1] [0
subspace of R? because W = Span O, 0] p. Since 0], 1|0 is
0 1 0 1

furthermore linearly independent, it is a basis for .
0
0|, the coordinate vector of |0

a
Because |0
b
1 0
0], 1|0
0 1

= a

1
0| +0b
0
_(1,
_b]' So

HKBU Math 2207 Linear Algebra

1

o> O R

a

b

, relative to the basis

b [Z] is an isomorphism from W to R2.
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Coordinates for subspaces (e.g. planes in R?) are useful as they allow us to
represent points in the subspace with fewer numbers (e.g. with 2 numbers
instead of 3 numbers).

In this picture (p239 of textbook,
example 7 in §4.4), B = {vy,va}
is a basis for a plane. The basis
allows us to draw a coordinate

grid on the plane.

The B-coordinate vector of x is

x|p = ?) . This coordinate

vector describes the location of x
relative to this coordinate grid.

HKBU Math 2207 Linear Algebra
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An “abstract” example of coordinates:
EXAMPLE: Let B = {by, by, b3} be a basis for V.

1. What is the B-coordinate vector of by + by?

Suppose T': V' — V is a linear transformation satisfying
T(bl) = bl + b27 T(b2> = b1 — 2]:)37 T(b3) = b3'

2. Find the matrix [T'] for T relative to B.
B«B



34.5: Dimension

From last week:
e Given a vector space V, a basis for V is a linearly independent set that spans V
o If B=1{by,...,b,} is a basis for V, then the B-coordinates of x are the weigh
c; in the linear combination x = ¢;by +--- + ¢,by.
e Coordinate vectors allow us to test for spanning / linear independence, to solve
linear systems, and to test for one-to-one / onto by working in R™.

Another example of this idea:
Theorem: Let B = {by,...,b,} be a basis for a vector space V.
I Any set in V' containing more than n vectors must be linearly dependent
(theorem 9 in textbook).
ii Any set in V' containing fewer than n vectors cannot span V.

We prove this (next page) using coordinate vectors, and the fact that we already
know it is true for V = R™.
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Theorem: Let B = {by,...,b,} be a basis for a vector space V.
I Any set in V' containing more than n vectors must be linearly dependent.
it Any set in V containing fewer than n vectors cannot span V.

Proof: Let our set of vectors in V be {uy,...,u,}, and consider the matrix

| | |
A: [ul]g [up]g s

which has p columns and n rows.
i If p> n, then rref(A) cannot have a pivot in every column, so {[wi]35,..., [Up]B}
is linearly dependent in R™, so {uy,...,u,} is linearly dependent in V.
i If p <n, then rref(A) cannot have a pivot in every row, so the set of coordinate
vectors {[u1]s, ..., [up|s} cannot span R", so {u;,...,u,} cannot span V.
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Theorem: Let B = {by,...,b,} be a basis for a vector space V.
I Any set in V' containing more than n vectors must be linearly dependent.
il Any set in V' containing fewer than n vectors cannot span V..

As a consequence:
Theorem 10: Every basis has the same size: If a vector space V' has a basis of
vectors, then every basis of V' must consist of exactly n vectors.

So the following definition makes sense:

Definition: Let V' be a vector space.
e |f V' is spanned by a finite set, then V' is finite-dimensional.
The dimension of V', written dim V/, is the number of vectors in a basis for V.
(This number is finite because of the spanning set theorem.)
e If V is not spanned by a finite set, then V' is infinite-dimensional.

Note that the definition does not involve “infinite sets’ .

Definition: (or convention) The dimension of the zero vector space {0} is 0.
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 8.5, Page 3 of 14

Definition: The dimension of V is the number of vectors in a basis for V.

Examples:
e The standard basis for R" is {ej,...,e,}, so dimR" = n.
e The standard basis for P,, is {1,¢,...,t"}, so dimP,, = n + 1.
e Exercise: Show that dim M,,,x,, = mn.

a
Example: Let W = 0|la,b,€ R 3. We showed (week 8 p20) that a basis for
b
1 0
W is 0|, 0] p. So dim W=2.
0 1

Why is it useful to know the dimension of W7 One example: From the theorem
on p2, we know that any set of 3 vectors in W must be linearly dependent,

because 3 > dim W.
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Example: We classify the subspaces of R3 by dimension:
e O-dimensional: only the zero subspace {0}.
e 1-dimensional, i.e. Span{v}: lines through the origin.
e 2-dimensional, i.e. Span{u, v} where {u, v} is linearly independent: planes
through the origin.
e 3-dimensional: by Invertible Matrix Theorem, 3 linearly independent vectors in
R3 spans R3, so the only 3-dimensional subspace of R? is R? itself.
The theorem on the next page shows that other dimensions are not possible.

X
3 X4

3-dim

DN

‘ 2-dim

,———"’\ ]

-dim

X

[l

2 X

[a—
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Here is a counterpart to the spanning set theorem (week 8 p10):

Theorem 11: Linearly Independent Set Theorem: Let W be a subspace of a

finite-dimensional vector space V. If {vq,...,v,} is a linearly independent set in
W, we can find vp41,...,Vvy, so that {vy,...,v,} is a basis for W.
Proof:
e If Span{vy,...,v,} =W, then {vy,...,v,} is a basis for W.
e Otherwise {vy,...,v,} does not span W, so there is a vector v,,;; in W that
is not in Span{vy,...,v,}. Adding v, to the set still gives a linearly

independent set. Continue adding vectors in this way until the set spans W.
This process must stop after at most dim V' — p additions, because a set of
more than dim V' elements must be linearly dependent.

The above logic proves something stronger:
Theorem 11 part 2: Subspaces of Finite-Dimensional Spaces: If W is a
subspace of a finite-dimensional vector space V, then W is also finite-dimensional

and dim W < dim V.
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Because of the spanning set theorem and linearly independent set theorem:

Theorem 12: Basis Theorem: If V is a p-dimensional vector space, then
I Any linearly independent set of exactly p elements in V' is a basis for V.
ii Any set of exactly p elements that span V is a basis for V.

In other words, to prove that B is a basis of a p-dimensional vector space V', we
only need to show two of the following three things (the third will be automatic):
e 3 contains exactly p vectors in V; } If V is a subspace of U, these two statement

e 5 is linearly independent; are usually easier to check because we can
e SpanB =1V. work in the big space U (see p9, pl4, ex#18

Proof:

I By the linearly independent set theorem, we can add elements to any linearly
independent set in V' to obtain a basis for V. But that larger set must contain
exactly dim V' = p elements. So our starting set must already be a basis.

il By the spanning set theorem, we can remove elements from any set that spans
V' to obtain a basis for V. But that smaller set must contain exactly

dim V' = p elements. So our starting set must already be a basis.
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Summary:

e If V is spanned by a finite set, then V is finite-dimensional and dim V' is the
number of vectors in any basis for V.
e If V' is not spanned by a finite set, then V' is infinite-dimensional.

o If {vq,...,v,} spans V, then some subset is a basis for V' (week 8 p10).
o If {vy,...,v,} is linearly independent and V is finite-dimensional, then it can
be expanded to a basis for V' (p4).

If dimV = p (so V and RP are isomorphic):

e Any set of more than p vectors in V is linearly dependent (p2).

e Any set of fewer than p vectors in V' cannot span V' (p2).

e Any linearly independent set of exactly p elements in V' is a basis for V' (p7).
e Any set of exactly p elements that span V is a basis for V' (p7).

To prove that B is a basis of V', show two of the following three things:

e 3 contains exactly p vectors in V;

e [5is linearly independent;

e SpanB=1V.
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The basis theorem is useful for finding bases of subspaces:

Example: S S -

o7
0
0

o O =
_ O O
OO =

Let W = Span s B = a basis for W?

_ o O O
N~ O W

0 0 3 5}

Answer: We are given that W = Span {e1, e3, e} and {e1,es,es} is a linearly
independent set, so {e1, e3, ey} is a basis for W, and so dim W = 3.

The vectors in B are all in W, and B consists of exactly 3 vectors, so it's enough
to check whether B is linearly independent.

(1 2 3] 1 2 3] (1 2 3]

Row reduction: 000 IR 000 —]?4 0 =1 =7 has a pivot
001 0 0 1 0 0 1
35 2| R —3R[0 -1 =7 R[0 0 0

in each column, so B is Tinearly independent, and is therefore a basis.
Note that we never had to work in W, only in R*.
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34.6: Rank

Next we look at how the idea of dimension can help us answer questions about
existence and uniqueness of solutions to linear systems.

Definition: The rank of a matrix A is the dimension of its column space.
The nullity of a matrix A is the dimension of its null space.

Example: Let A = [5 =7 10], rref(A) = [1 0 1/2].

7T 2 14 0 1 0

A basis for ColA is { [?] ’ [_g } <— one vector per pivot

;

_ , —1/2 +— one vector per free variable
A basis for NulA is 0] ;.
1

J .
A basis for RowA is {(1,0,1/2),(0,1,0)}.  ©One vector per pivot
So rankA = 2, nullityA = 1. So rankA + nullityA =?
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Theorem 14:

Rank Theorem: rankA = dim ColA = dim RowA = number of pivots in rref(A).
Rank-Nullity Theorem: For an m x n matrix A,
rankA + nullityA = n , the number of columns.

Proof: From our algorithms for bases of ColA and NulA (see week 7 slides):
rank A = number of pivots in rref(A) = number of basic variables,

nullity A = number of free variables.
Each variable is either basic or free, and the total number of variables is n, the

number of columns.

An application of the Rank-Nullity theorem:
Example: Suppose a homogeneous system of 10 equations in 12 variables has a
solution set that is spanned by two linearly independent vectors (i.e. 2 free variables).
Then the nullity of this system is 2, so the rank is 12 — 2 = 10. So this system has
10 pivots. Since there are ten equations, there must be a pivot in every row, so any
nonhomogeneous system with the same coefficients always has a solution.

Using our new ideas of dimension, we can add more statements to the Existence

theorem, the Uniqueness theorem, and the Invertible Matrix Theorem:

Page 11 of 14

Theorem 8: Invertible Matrix Theorem (IMT): For a square n X n matrix A,
the following are equivalent:

A has a pivot position in
every row.

Ax = b has at least one

solution for each b in R".

The columns of A span
R™.

The linear transformation
x — Ax is onto.

There is a matrix D such
that AD = 1,,.

ColA = R".

rankA = n.
HKBU Math 2207 Linear Algebra

A has a pivot position in
every column,

Ax = 0 has only the
trivial solution.

The columns of A are
linearly independent.

The linear transformation
x — Ax is one-to-one.

There is a matrix C such

that CA = 1,,.
NulA = {0}.
nullityA = 0.

det A # 0.
rref(A) = I,,.

Ax = b has a unique
solution for each b in R".

The columns of A form a
basis for R™.

The linear transformation
x — Ax is an invertible
function.

A is an invertible matrix.
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Advanced application of the Rank-Nullity Theorem and the Basis Theorem:

o —3 10
7 214

Answer: (a clever trick without any row-reduction)

Redo Example: (pl0) Let A = [ ] Find a basis for NulA and ColA.

2
e Observe that 2 [?] = EZ] so | Of is a solution to Ax = 0. So nullity4A > 1.
—1

e The first two columns of A are linearly independent (not multiples of each other),

o) { [?] , [_;)]} is a linearly independent set in ColA, so rankA > 2.

e But rankA + nullityA = 3, so in fact rankA = 2 and nullityA = 1, and, by the
Basis Theorem, the linearly independent sets we found above are bases:

2
o) 0 is a basis for NulA, { {ﬂ , [_g} } is a basis for ColA.
—1

So for a general m x n matrix, it's enough to find k linearly independent vectors in

NulA and n — k linearly independent vectors in ColA.
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The Rank-Nullity theorem also holds for linear transformations 7' : V' — W whenever
is finite-dimensional (to prove it yourself, work through optional g8 of homework 5):

dim range of 1"+ dim kernel of T' = dim domain of 7.
rankT’ nullityT’

Advanced application:

Example: Find a basis for K = {p € P3|p(2) = 0}, i.e. polynomials p(t) of degree at
most 3 with p(2) = 0.

Answer: Remember (week 7 p46) that K is the kernel of the evaluation-at-2 function
Es : P3 — R given by Fs(p) = p(2),

EQ(CLO —|— alt —|— a2t2 —|— a3t3) = Qo —|— CL12 —|— a222 —|— a323.

range(FE2) = R, because, for each ¢ € R, the polynomial p = ¢ satisfies E>(p) = e.
So dim K = dim(domainFEs) — dim(rangeFs) = dimP3 —dimR =4 — 1 = 3.

Now B = {(2—1t),(2—1t)?, (2 — )%} is a subset of K, and is linearly independent
(check with coordinate vectors relative to the standard basis of P53, or because these
three polynomials have different degrees - see week 8 pl14-15). Since B contains exactl

3 = dim K vectors, it is a basis for K.
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q4.4, 4.7, 5.4. Change of Basis

Let B = {by,...,b,} be a basis for V. Remember:
C1
e The B-coordinate vector of x is [x|p = where x = c¢1b; + -+ ¢,b,,.
Cn
e The matrix for a linear ‘transforn|1ation T‘: V' — V relative to B is [2]
T] (or [T]g) = |[T'(b1)]g ... [T'(bn)]s

BB ‘ | ‘

A basis for this plane in R? allows us to draw a

coordinate grid on the plane. The coordinate
vectors then describe the location of points o

plane relative to this coordinate grid (e.g. 2 steps

in vy direction, 3 steps in vo direction.)
HKBU Math 2207 Linear Algebra

Although we already have the standard coord
are much faster and more accurate in a differ
coordinate grid (see also p18-20):

Example: Find the image of the point (5,0)

Horizontal and vertical grid lines are not
useful for this problem because y = 2x is

not horizontal nor vertical.
HKBU Math 2207 Linear Algebra

n this

Semester 2 2020, Week 9, Page 1 of 20

inate grid on R™, some computations
ent basis i.e. using a different

under reflection about the line y = 2x.

It is more useful to work with lines
parallel and perpendicular to y = 2.
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Another example of two coordinate grids (note that the lines don’t have to be
perpendicular):

X X —
b
Sau ;
0f b =e O /b,
[ |
standard coordinate grid B-coordinate grid

Important questions:
i how are x and [x]; related (p4-7, §4.4 in textbook);
i how are [x|p and [x]|r related for two bases B and F (p8-11, §4.7);

iii how are the standard matrix of 7" and the matrix [T']z (or [T] ) related (p12-16, §5.4)

B+B
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Changing from any basis to the standard basis of R”

1 1
EXAMPLE: (see the picture on p3) Let b; = by = and let
0 2

B = {b;, by} be a basis of R>.

a. If [x]g = 7|, then what is x?
3
€1 .

b. If [v]g = , then what is v?
Co

Solution: (a) Use the definition of coordinates:

x|s = _3 means that x = b, + by =

(b) Use the definition of coordinates:

[V]g = means that v =
Co

1

In general, if B={by,...,b,} is a basis for R", and [x|s = | : |, then

Cn

i.e.

where SPB is called the change-of-coordinates matrix from B to the
—
standard basis (Pg in textbook).



In the opposite direction

Changing from the standard basis to any other basis of R"

1
EXAMPLE: (see the picture on p3) Let b; = ,by =

0
B = {by,b,} be a basis of R.
1 _ ,
a. Ifx= , then what are its B-coordinates [x|z?
6
b. If v=| |, then what are its B-coordinates [V]s?
Vg
. €1 .
Solution: (a) Suppose [x]z = . This means that
(&)
1
= X =
6
_ _ . 1 11
So (¢c1, ¢2) is the solution to the linear system :
0 216
: 1 0 -2
Row reduction: |
0 113

So [x]5 =

c
(b) The B-coordinate vector | of v satisfies v = cibi+csby =

Ca

So [v]p is the solution to

C1

Co



In general, if B={by,...,b,} is a basis for R", and v is any vector in R", then

[v]p is a solution to |b; ... b, | x=vV.
‘;This matrix is P
E—B
Because B is a basis, the columns of 8778 are linearly independent, so by the Invertible
<_
Matrix Theorem, P is invertible, and the unique solutionto P x=vis
E—B .y E—B
[vls= [b1 ... by, V.

So we can write [v]g = P v, where P , the change-of-coordinates matrix from the
B<+& B<«&

standard basis to B, satisfies P = P -1
B<+E& E+—B )
1 1] |1 2 —1] |1 —2
Check with previous example: “Ix = =1 = .
P Pl P [0 2] [6] 2 -0 1] 6 3
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A very common mistake is to get the direction wrong:

b; ... b, | change from standard coordinates

to B-coordinates, or from B-coordinates to standard coordinates?

Does multiplication by

“l .
xX|p=|:|means x=cb;i+---+c,b,= |b1 ... by| [x]5

Cn I

and you won't go wrong.
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ii: Changing between two non-standard bases:

Example: As before, b; = [é] , by = [;] and B = {by, by }.
Another basis: f; = E] o = [0

1] and F = {fl,fz}.

If [x]p = [_§] then what are its F-coordinates [x]~?

Answer 1: B to standard to F - works only in R™, in general easiest to calculate.

—2 1 1 1
[X]B:[ 3] means x = —2b; + 3by = —2 0 +3[2]: 6l

So if [x]» = [EZZ;] then dy H +ds m _ H

: 1 0|1 1
Row-reducing [1 ] ‘6 shows di = 1,ds =5 so [x|r = 5|
n other words, x SEB[X]B and [x]|~ }_ng, so [x]F P 8£B[x]5 (= Pz Pglx|g)
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 9, Page 8 of 20

Answer 2: A different view that works for abstract vector spaces (without
reference to a standard basis) - important theoretically, but may be hard to
calculate for general examples in R,

[x|p = {_?)] means x = —2b; + 3bs.

| |
—2
So [X]]: = [—21)1 + 3b2}}“ = —2[1)1]_7: + 3[b2]]: = [bl]}“ [bz]]: [ ] .
" | |
because x — [x]x is an isomorphism, so every vector spate
calculation is accurately reproduced using coordinates.

o - o _ \ This step can be hard to
b= o] = 1] = 1] =0t so ol = |- (e e et g
by = [ = 1 0] 21ty s g = [1]. ozt chanes bows
- - -1- | -_-2 1 - are probably “nicely” related.
w1 [-[]
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Theorem 15: Change of Basis: Let B={by,...,b,} and F = {f;,....£,}
be two bases of a vector space V. Then, for all x in V/,

x]F = [b1|]f i [bT]f x]5.
.
Another way to say this: [x|r = P [x|z where P = |[b1]r ... [bn]r]| is

the change-of-coordinates matrix from B to F.
A tip to get the direction correct:

x| = P [x|s
FB a linear combination of columns

_/‘ f P th I hould
_ o) . so these columns shou
A F-coordinate vector \ F+B

be F-coordinate vectors
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Theorem 15: Change of Basis: Let 5= {by,...,b,} and F = {f},... £}
be two bases of a vector space V. Then, for all x in V/,

x]F = [[ba]F ... [ba]F| [x]5.
b
N .
Properties of the change-of-coordinates matrix P = |[[b1]r ... [b,]r]|:

° _1,

B+ F B F+B
e In the special case that V is R™ and F is the standard basis £ = {e1,...e,},

then the above formula says P = [[bi]le ... [bple| = [b1 ... by,|,
ELr o o

because [b;]¢ = b;. So this agrees with what we found earlier (part i, p4).

o If VisR" then P = P P =P:'Pg (see ps).
) F+B  F<EEB
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lii: Change of coordinates and linear transformations:

Recall our problem from the start of this week's notes:
Example: Find the image of the point (5,0) under reflection about the line y = 2.

An efficient solution:

/. """"""" A 1. Measure the perpendicular distance
AR from (5,0) to the line;
2. The image of (5,0) is the point that
L L o is the same distance away on the
B ? other side of the line;
N 3. Read off the coordinates of this
L point: (—3,4).
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 9, Page 12 of 20
A The previous solution in the language of coordinates:
L Let b; = B] b, = [_ﬂ and work in the basis B = {by,bs}.
| 1 1 | |, LetT be reflection about the line y = 2z, and x = [8]
So we want T'(x).
Multiply by P In terms of matrix multiplication:
A B+& A A
- ol(x) T .T(X) -
b, v - u
[ I . S L 1| L 1/ 1§ 1 | [ Y C.
1 1 -3
1. [x]g = 5 »2. [T(x)]g = 5 » 3. T(x) = 1
Multiply by [T]] — 4] Multiply by 5PB
(—

HKBU Math 2207 Linear Algebra BB Semester 2 2020, Week 9, Page 13 of 20



The 3-step solution above shows that T'(x) = 77 P X.

Write [T'] for the standard matrix of 1. Then T'(x ] x, so the equation
EE 8<—£

[T]x= P [T] P xis true for all x. So the matrices on the two sides must be equal
EE E«Bp, pbee

(e.g. letting x = e; shows that each column of the matrices must be equal) y = 2
T =P [T] P . o
geg  EBp pBcE
4 by
This equation is useful because, for geometric linear
transformations 7', it is often easier to find [T] for some L 1 | 11,
BB
“natural” basis B than to find the standard matrix [T7]. * b,

_ _ _ E+E
E.g. in our example of reflection in y = 2x:

;] is on the line y = 2z, so it is unchanged by the reflection: T’ (B])

[ 2] . . L - . 2 —2
| s perpendicular to y = 2z, so its image is its negative: T’ = :

I
—
DN —
L 1

A different picture to understand [T] = P [T] P :
£« EBp.pBeE

B-coordinates 1] x| «— [x]B
< B« B
x|5 x|p= P =x
l I B—&
873 x]p =x T]x +— x "N
B v Ee&
Standard coordinates by
_ _ p—1. _ —1

Because SZB = Pp and 87:8 =Py E[Z]S = PBB[Z]BPB
Multiply both sides by Pz on the left P;' [T] Ps = [T]

and by Pp on the right: £t BB

These two equations are hard to remember (“where does the inverse go?"). Instead,

remember| [T] = P [T'] P |(which works for all vector spaces, not just R™).
gog & BpopBet
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1 2
EXAMPLE: Let by = by = and let B = {by, by} be a basis of R2.
2 —1

Suppose T is a linear transformation satisfying 7'(b;) = by and T'(by) = —bs.

Find [T, the standard matrix of 7.
E+E

Solution: We will use change of coordinates:

1] =
€

Now we need to find the matrices on the right hand side.

T(bl) = by
e Find [T] from the information
BB T(bQ) = —bg
[T] =
B+B

e Find the change-of-coordinate matrices, using the definition of coordinates:

Cq C1
x| = means X = = = [X]5.
Co Ca

Putting it all together:

.

Check that our answer satisfies the conditions given in the question:

T(bl) - [T] b, =
T(bz) = [T] by =

E+E



Remember

[T = P [T] P = P [T] P "
E—& ‘C“,(_BB(—BB(_E" 5(—81/5(_65(—3

This motivates the following definition:

Definition: Two square matrices A and D are similar if there is an invertible
matrix P such that A = PDP~ !,

Similar matrices represent the same linear transformation in different bases.

Similar matrices have the same determinant and the same rank, because the
signed volume scaling factor and the dimension of the image are
coordinate-independent properties of the linear transformation. (Exercise: prove
that det D = det(PDP~1) using the multiplicative property of determinants.)
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Why is change of basis important?

Example: If x,y are the prices of two stocks on a particular day, then their prices
the next day are respe.ctively %y and —x + %y. How are the prices after many
days related to the prices today?

Answer: Let T : R? — R? be the function representing the changes in stock

1
prices from one day to the next, i.e. T 1) = 29 3 |. We are interested
Y —T+ 5y

in T% for large k. (You will NOT be required to do this step.)

0
T is a linear transformation; its standard matrix is [T] =
E«E —1

N[W N

k

Calculating by direct matrix multiplication will take a long time.

—1

N[ N
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Answer: (continued) Let by = [1] ,by = [1] and B = {by,bs}.

1 2
0 1 1 1 0 1
2 _ 2] — l]o17 T(bg) _ 2 _ ~ by,
—1 3 1 1 2 1 3 2
5 2 -1 3
| 1
T(b))s|=|%2 |.Use [T] =P [T] P =P [T] P .
| 01 g EBp . pB+E E+Br, pEB
k
— 1
5<— (&—B&—BS‘—B )
= -1
&_B&—BS £ B B<—B """" 5<—BB<_BS<—B
= P

5(—BB<_B 5(—[3

S E1E li I

S D e o 11
So [T]" = 20 : |- When k is very large, this is very close to :
E& —241" 2- % —2 2

So essentially the stock prices after many days is —x +y and —2z + 2y, where x,y are

the prices today. (In particular, the prices stabilise, which was not clear from [T7] .)
EE
The important points in this example:
e We have a linear transformation 7" : R? — R? and we want to find T for large k.
e We find a basis B = {by,bs} where T'(b;) = A\1by and T'(by) = A3bs for some
scalars A1, Aa. (In the example, A\; = %,)\2 =1.)

e Relative to the basis 13, the matrix for T" is a diagonal matrix [T] = A 0 :
BB 0 A

e |t is easy to compute with [T]|3, and we can then use change of coordinates to

transfer the result to the standard matrix [717] .
EE

Next week (§5): does a “magic” basis like this always exist, and how to find it?

(Don't worry: you can do many of the computations in §5 without fully understanding

change of coordinates.)
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 9, Page 20 of 20



Remember from last week (week 9 p20):
Given a linear transformation 7" : R" — R™, the “right” basis to work in is
B ={by,...,b,} where T'(b;) = \;b; for some scalars ;. Then the matrix for T’

relative to B is a diagonal matrix:

A 0 ... 0
I 0 Ao
7] = |[Tm)ls - Thuls| = |.
B+B | ‘ | . .
| 0 An |

Computers are much faster and more accurate when they work with diagonal
matrices, because many entries are O.
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Also, it's much easier to understand the linear transformation I' from a diagonal
matrix, e.g. if T'(by) = by and T'(bs) = 2by, so [T] = [1 0], then T is an

B+B 0 2
expansion by a factor of 2 in the by direction.

A A
e by o I'(by) =by

> >

[ ) b2
*I'(by) = 2b,

So it is important to study the equation T'(x) = Ax.
(It's also very useful in ODEs - see MATH3405.)
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35.1-5.2: Eigenvectors and Eigenvalues

Definition: Let A be a square matrix.

An eigenvector of A is a nonzero vector x such that Ax = Ax for some scalar .
Then we call x an eigenvector corresponding to A (or a A-eigenvector).

An eigenvalue of A is a scalar A\ such that Ax = Ax for some nonzero vector Xx.

If x is an eigenvector of A, then x and its image Ax are in the same (or opposite,
if A < 0) direction. Multiplication by A stretches x by a factor of \.

If x is not an eigenvector, then x and Ax are not geometrically related in any
obvious way.

Warning: eigenvalues and eigenvectors exist for square matrices only. If A is not a
square matrix, then x and Ax are in different vector spaces (they are column
vectors with a different number of rows), so it doesn't make sense to ask whether
Ax is a multiple of x.
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Ax = \x

eigenvector: cannot be 0. /A \ eigenvalue: can be 0.

AOQ = A0 is always true, so it Ax = 0x for a nonzero vector x

holds no information about A. does hold information about A - it
tells you that A is not invertible. In
fact, A is invertible if and only if 0 is
not an eigenvalue (add to IMT!).

Important computations:
i given an eigenvalue, how to find the corresponding eigenvectors (p5-9, §5.1);
i how to find the eigenvalues (p10-13, §5.2);
iii how to determine if there is a basis B = {by,...,b,} of R™ where each b; is
an eigenvector (p15-31, §5.3).
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Warm up:

] Determine whether E] and [_?

Example: Let A = [_g :)1 ] are eigenvectors of A.

Answer:

8 4| |1 12| . : 1 . :
_3 0l [1| = |_g| isnota multiple of 1 (because its entries are not equal), so

is not an eigenvector of A.

8 4| | -2 —12 —2 —2| . : _
-3 0} [ 1] = [ 6] = 6[ 1] So [ 1] is an eigenvector of A corresponding to

the eigenvalue 6.

1
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i Given the eigenvalues, find the corresponding eigenvectors:

l.e. we know )\, and we want to solve Ax = Ax.
This equation is equivalent to Ax — A \x =0,
which is equivalent to (A—X)x=0.

So the eigenvectors of A corresponding to the eigenvalue \ are the nonzero
solutions to (A — AI)x = 0, which we can find by row-reducing A — \I.
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The eigenvectors of A corresponding to the eigenvalue \ are the nonzero solutions
to (A—A)x=0.

8 4
EXAMPLE: Let A = . Find the eigenvectors of A corresponding to
-3 0

the eigenvalue 2.
Solution:
To solve (A — 215)(x) = 0, we need to find A — 21 first:

8 4 8§——— 4
A—2[2: — = =
-3 0 -3

Now we solve (A — 215)(x) = 0:

6 4]0
—
-3 =210
. ~2/3
so the eigenvectors are S| s—
1
: : —2
A nicer-looking answer: s|s_
3

Check our answer:



Because it is sometimes convenient to talk about the eigenvectors and 0 together:

Definition: The eigenspace of A corresponding to the eigenvalue A (or the
A-eigenspace of A, sometimes written E5(A)) is the solution set to (A — AI)x = 0.

Because A-eigenspace of A is the null space of A — A1, eigenspaces are subspaces.
In the previous example, the eigenspace is a line, but there can also be
two-dimensional eigenspaces:

-3 0 0
Example: Let B= |—1 —2 1]. Find a basis for the eigenspace corresponding to
—1 1 —2| the eigenvalue -3.
Answer: —3+3 0 0 000 R S .
B—(-3)3=| -1 —2+43 1 |=|-11 1| wreddon 15 o qf.
—1 1 —-243 -1 11 0O 0 O
1 1 1 1
So solutions are x5 | 1|+ x3 |0], for all values of x5, x3. So a basisis { |1], |0
0 1 0 1
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Be careful how you write your answer, depending on what the question asks for:

1 1
The eigenvectors: ¢ s [1| 4+ [0] |Is,? not both zero
0 1

DON'T write s,t # 0, because

_ 1 1 that's confusing: do you mean
The eigenspace: ¢ s |1| +t [Of|s,t € R ». 50 AND t # 0?
0 1
1 1
A basis for the eigenspace: 11,10
0 1

Tip: if you found that (B — AI')x = 0 has no nonzero solutions, then you've made
an arithmetic error. Please do not write that the eigenvector is 0!
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ii: Given a matrix, find its eigenvalues:

A is an eigenvalue of A if (A — AI)x = 0 has non-trivial solutions.
By the Invertible Matrix Theorem, this happens precisely when A — A is not invertible.
So we must have det(A — A\I) = 0.

det(A — AI) is the characteristic polynomial of A (sometimes written x4). If A is

n X n, then this is a polynomial of degree n. So A has at most n different eigenvalues.
det(A — AI) = 0 is the characteristic equation of A,

We find the eigenvalues by solving the characteristic equation.
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We find the eigenvalues by solving the characteristic equation det(A — AI) = 0.

8 4

EXAMPLE: Find the eigenvalues of A = :
-3 0

Solution:

det(A — A) =

So the eigenvalues are the solutions to

Factorise:



We find the eigenvalues by solving the characteristic equation det(A — A\I) = 0.

-3 0 O
Example: Find the eigenvalues of B= |—-1 -2 1].
-1 1 =2
Answer:
(expand along top row)
-3—-X 0 0 9 |
det(B—A)=| -1 —-2-X 1 =(=3-=X\) | L9

~1 1 —2-)

(=3 =M(=2-M)(=2-X) 1]
(=3 = AN)[A\? +4X + 3]

(=3 =N\ +3)(A+1).

So the eigenvalues are the solutions to (=3 — A\)(A+3)(A+1) =0,
which are —3, -3, -—1.

Tip: if you already have a

, . S 4
factor, don't expand it
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Tips:
e Because of the variable ), it is easier to find det(A — AI) by expanding across
rows or down columns than by using row operations.
e If you already have a factor, do not expand it (e.g. previous page)
e Do not “cancel” A in the characteristic equation: remember that A = 0 can be
an eigenvalue (see below).
e The eigenvalues of A are usually not related to the eigenvalues of rref(A).

36 —2
Example: Find the eigenvalues of C'= |0 0 2{.
00 6
3—A 6 -2
Answer: C' — A\l = 0 —Xx 2 Is upper triangular, so its determinant is
0 06-—AX

the product of its diagonal entries: det(C' — A\I) = (3 — A)(—=A)(6 — A), whose
solutions are 3, 0, 6.
By a similar argument (for upper or lower triangular matrices):

Fact: The eigenvalues of a triangular matrix are the diagonal entries.
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Summary: To find the eigenvalues and eigenvectors of a square matrix A:
Step 1 Solve the characteristic equation det(A — AI) = 0 to find the eigenvalues;
Step 2 For each eigenvalue ), solve (A — A\I)x = 0 to find the eigenvectors.

Thinking about eigenvectors conceptually:

Suppose Vv is an eigenvector of A corresponding to the eigenvalue .

Then A2(v) = A(AV) = A(AW) = Mv = A(\W) = A2v.
So any eigenvector of A is also an eigenvector of A?, corresponding to the square
of the previous eigenvalue.

We can also define eigenvalues and eigenvectors for a linear transformation
T :V — V on an abstract vector space V: a nonzero vector v in V is an

eigenvector of T" with corresponding eigenvalue X if T'(v) = Av.

Example: Consider T : P; — P5 given by T(p) = - p. Then p(z) = 2% is an

eigenvector of T' corresponding to the eigenvalue 2, because

T(2?) = v-La? = 22z = 222,
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§5.3: Diagonalisation

Remember that our motivation for finding eigenvectors is to find a basis relative to
which a linear transformation is represented by a diagonal matrix.

Definition: (week 9 pl7) Two square matrices A and B are similar if there is an
invertible matrix P such that A = PBP~ 1.

From the change-of-coordinates formula (week 9 p14)

)= P 1] P = P [Tz P ",
& E«Bpr, B¢ E—B E+—B

similar matrices represent the same linear transformation relative to different bases.

Definition: A square matrix A is diagonalisable if it is similar to a diagonal

matrix, i.e. if there is an invertible matrix P and a diagonal matrix D such that
A=PDP !
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Theorem 5: Diagonalisation Theorem: An n x n matrix A is diagonalisable (i.e.
A= PDP71) if and only if A has n linearly independent eigenvectors.

Proof: we prove a stronger theorem: An n x n matrix A satisfies AP = PD for a
n X k matrix P and a diagonal k£ x k matrix D if and only if the ith column of P is
an eigenvector of A with eigenvalue d;;, or is the zero vector. This comes from
equating column by column the right hand sides of the following equations:

. I .
AP=A|p1 ... pr| = |Ap1 ... Apk
b I .
_dll 0 ... 0 ]
b T 0 da o
PD = P1 --- Pk : . = dllpl dkkpk
. ; e o

To deduce The Diagonalisation Theorem, note that A = PDP~! if and only if
AP = PD and P is invertible, i.e. (using Invertible Matrix Theorem) if and only if

AP = PD and the n columns of P are linearly mdepende
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iii.i: Diagonalise a matrix i.e. given A, find P and D with A = PDP~!:

Example: Diagonalise A = [_g E)l]

Answer:

Step 1 Solve the characteristic equation det(A — AI) = 0 to find the eigenvalues.
From pl1, det(A — AI) = A\? — 8\ + 12, eigenvalues are 2 and 6.

Step 2 For each eigenvalue ), solve (A — AI)x = 0 to find a basis for the \-eigenspace.

From p7, { [_gl } is a basis for the 2-eigenspace,

You can check that { [_2} } is a basis for the 6-eigenspace.

1
Notice that these two eigenvectors are linearly independent (this is automatic, p22).

If Step 2 gives fewer than n vectors, A is not diagonalisable (p26). Otherwise, continue:
—2 2]
3 1|

Step 3 Put the eigenvectors from Step 2 as the columns of P. P = [

06

: : , : 2 0
Step 4 Put the corresponding eigenvalues as the diagonal entries of D. D = :
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_ -2 =212 0 1 2
: -1 _ 1 =
Checking our answer: PDP™" = { 3 1] {O 6] 1 [_3 _2] [_

The matrices P and D are not unique:
e In Step 2, we can choose a different basis for the eigenspaces:

e.g. using _g instead of _gl as a basis for the 2-eigenspace, we can take

[ 2 -2 o[ 2212011 2] [ s84]_
P_[_g 1],andthenPDP —[_3 1] {O 6]4[3 2]—[_3 O]—A.

e In Step 3, we can choose a different order for the columns of P, as long as we
put the entries of D in the corresponding order:

-2 =2 6 0
eg P= 1 3], D = [O 2] then

rors= [ Y12 - (244
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HKBU Math 22

-3 0 0

-1 -2 1],

Answer: -1 1 =2

Step 1 Solve the characteristic equation det(B — AI) = 0 to find the eigenvalues.
From p12, det(B — A\I) = (=3 — A\)(A+3)(A + 1), so the eigenvalues are -3 and -1.

Step 2 For each eigenvalue )\, solve (B — AI)x = 0 to find a basis for the \-eigenspace.

Example: Diagonalise B =

1 1 0
From p8, 11,10 is a basis for the -3-eigenspace; you can check that 1
0 1 1

is a basis for the -1-eigenspace. You can check that these three eigenvectors are
linearly independent (this is automatic, see p22).
If Step 2 gives fewer than n vectors, B is not diagonalisable (p26). Otherwise, continue:
Step 3 Put the eigenvectors from Step 2 as the columns of P.
Step 4 Put the corresponding eigenvalues as the diagonal entries of D.

110 -3 0 0
P=1{101,D=| 0 -3 0
011 0 0 -1
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Remember that B = PDP~! if and only if BP = PD and P is invertible. This
allows us to check our answer without inverting P:

(-3 0 0] [110 (-3 -3 0
BP=1|-1-2 1|1t 01|=|-3 0 -1/,

-1 1 -2 [011 | 0 -3 —1]

(1 10][-3 0 O] -3 -3 0]
PD=1|101 0 -3 0|/=|-3 0 —1| =BP, and

011 0 0 —1] | 0 -3 —1]

1 10
T R Y O Y [

0 1 1
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We can use the matrices P and D to quickly calculate powers of B (see also week 9 p19):

B? = (PDP1)?
— (PDP Y (PDP Y (PDP™1)

— pp3p—1
11 0] =3 0o 01°[1 1 o] "
— 11 0 1/] 0 =3 o |1 01
01 1) 0 o —1] [0 1 1
11 0] =27 o0 o]t 1 01" [=27 o0 o
— 11 0 1 0 —27 ollt o 1] =]|-13 —-14 13
0o 1 1| 0o o —1f |0 1 1 13 13 —14

(This sometimes works for* fractional” and negative powers too, see Homework 5 Q3.)
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At the end of Step 2, after finding a basis for each eigenspace, it is unnecessary to
explicitly check that the eigenvectors in the different bases, together, are linearly
independent:

Theorem 7c: Linear Independence of Eigenvectors: If B;,..., B, are linearly
independent sets of eigenvectors of a matrix A, corresponding to distinct eigenvalues
A1,...,Ap, then the total collection of vectors in the sets B1,..., B, is linearly
independent. (Proof idea: see practice problem 3 in §5.1 of textbook.)
1 1
Example: In the previous example, B = 1,10 is a linearly independent set
0 1

( )

0
in the -3-eigenspace, By = < | 1| ; is a linearly independent set in the -1-eigenspace,
1

\ L)
1 1 0
so the theorem says that 11,1(0f, |1 is linearly independent.
0 1 1
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An important special case of Theorem 7c is when each B; contains a single
vector:

THEOREM 2: Linear Independence of Eigenvectors: If vq,...,v, are
eigenvectors of a matrix A corresponding to distinct eigenvalues Ay, ..., \,, then
the set {vy,...,v,} is linearly independent.

To give you an idea of why this is true, and as an example of how to write proofs
involving eigenvectors, we prove this in the simple case p = 2:

We are given that vy, vy are eigenvectors of A corresponding to distinct eigen-
values A1, Ao, i.e.

Avi=__ Avy =

A S voFt o DV S —

We want to show that {v;, vy} is linearly independent, i.e. ¢; = ¢o = 0 is the
only solution to

()

Multiply both sides by A:

A Vi+
Multiply equation (x) by A;:

Cl/\1V1+
Subtract:
Because and , we must have ¢y = 0.
Substituting into (x) shows ., and because , we

must have ¢; = 0.

One proof for p > 2 is to repeat this (multiply by A, multiply by \;, subtract) p—1
times. P288 in the textbook phrases this differently, as a proof by contradiction.



From the Diagonalisation Theorem, we know that A is diagonalisable if and only if
A has n linearly independent eigenvectors. Can we determine if A has enough
eigenvectors without finding all those eigenvectors?

To do so, we need an extra idea:
Definition: The (algebraic) multiplicity of an eigenvalue Ay is its multiplicity as a
root of the characteristic equation, i.e. it is the number of times the linear factor
(A — Ag) occurs in det(A — AI).

-3 0 0
Example: Consider B= [—1 —2 1|. From p12, the characteristic polynomial
-1 1 =2

of Bisdet(B—A)=(-3—-A)A+3)A+1)=—A+3)(A+3)(A+1). So -3
has multiplicity 2, and —1 has multiplicity 1.
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Theorem 7b: Diagonalisability Criteria: An n x n matrix A is diagonalisable if
and only if both the following conditions are true:
i the characteristic polynomial det(A — AI') factors completely into linear factors
(i.e. it has n solutions counting with multiplicity);
ii for each eigenvalue Ay, the dimension of the A\j-eigenspace is equal to the

multiplicity of Ag.
V3/2 —1/2

1/2 /3/2
VBI2=A 12 | _ s s

1/2 \/3/2_)\_(7_>\) +Z'
This polynomial cannot be written in the form (A — a)(A — b) because it has no
solutions, as its value is always > i. So this rotation matrix is not diagonalisable.
(This makes sense because, after a rotation through %, no vector is in the same or
opposite direction.)

Example: (failure of i) Consider [ } the standard matrix for rotation

through %. Its characteristic polynomial is

The failure of i can be “fixed” by allowing eigenvalues to be complex numbers, so

we concentrate on condition ii.
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Theorem 7b: Diagonalisability Criteria: An n x n matrix A is diagonalisable if
and only if both the following conditions are true:
i the characteristic polynomial det(A — A\I) factors completely into linear factors;
ii for each eigenvalue \g, the dimension of the \.-eigenspace is equal to the
multiplicity of Ag.
01 : : o
0ol It is upper triangular, so its eigenvalues
are its diagonal entries (with the same multiplicities), i.e. 0 with multiplicity 2. The

0 1] — 0]2) x = 0, which is

Example: (failure of ii) Consider

eigenspace of eigenvalue 0 is the set of solutions to ([0 0

Span { [(1)] } So the eigenspace has dimension 1 < 2, and therefore [8 (1)] Is not

diagonalisable.

Fact: (theorem 7a in textbook): the dimension of the \j-eigenspace is at most the
multiplicity of A\;. (Proof on p30.) So failure of ii in the Diagonalisability Criteria
happens only when the eigenspaces are “too small”.
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-3 0 0
Example: Determine if B= |—1 —2 1] is diagonalisable.
Answer: -1 1 =2

Step 1 Solve det(B — AI) = 0 to find the eigenvalues and multiplicities.
From p12, det(B — AI) = (—3 — A)(A+3)(A 4+ 1), so the eigenvalues are -3 (with
multiplicity 2) and -1 (with multiplicity 1).

Step 2 For each eigenvalue A of multiplicity more than 1, find the dimension of the
A-eigenspace (e.g. by row-reducing (B — AI) to echelon form):
The dimensions of all eigenspaces are equal to their multiplicities — diagonalisable
The dimension of one eigenspace is less than its multiplicity — not diagonalisable
A = —1 has multiplicity 1, so we don't need to study it (see p29 for the reason).

A = —3 has multiplicity 2, so we need to examine it more closely:
-3+3 0 0 000 . 1 -1 —1
B—(-3)3=| -1 —2+43 1 |=|-11 1| wreddon 15 o 0.
—1 1 —-2+3 -111 0 0 0

This has two free variables (x2, x3), so the dimension of the -3-eigenspace is two,

which is equal to its multiplicity. So B is diagonalisable.
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6 —4 4 9]

Example: Let K — —8 8 2 —18 Given that det (K — M) = (A — 1)2(\ — 5)2,
determine if K is diagonalisable.
Answer: -5 4 -4 8]
Step 1 Solve det(K — AI) = 0 to find the eigenvalues and multiplicities.
The eigenvalues are 1 (with multiplicity 2) and 5 (with multiplicity 2).
Step 2 For each eigenvalue A of multiplicity more than 1, find the dimension of the
A-eigenspace (e.g. by row-reducing (K — AI) to echelon form):
The dimensions of all eigenspaces are equal to their multiplicities — diagonalisable
The dimension of one eigenspace is less than its multiplicity — not diagonalisable

5 —4 4 9 (5 —4 4 9]
_ 9 8 8 —17 0 4 % x| BRs — IRy
-5 4 —4 -9 0 000| Bs—Ry

x4 is the only one free variable, so the dimension of the 1-eigenspace is one, which
is less than its multiplicity. So K is not diagonalisable. (We don't need to also

check \ = 5.)\
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In Step 2, why don’t we need to look at eigenvalues with multiplicity 17
Answer: because the dimension of an eigenspace is always at least 1. So if an
eigenvalue has multiplicity 1, then the dimension of its eigenspace must be exactly 1.

In particular: suppose an n x n matrix has n different eigenvalues. The multiplicity
of each eigenvalue is at least 1, and if any eigenvalue has multiplicity > 1, then
will have more than n factors. So each eigenvalue must have multiplicity exactly 1.
Theorem 6: Distinct eigenvalues implies diagonalisable: If an n x n matrix has
n distinct eigenvalues, then it is diagonalisable.

36 —2
Example: IsC' = [0 0 2| diagonalisable?
00 6

Answer: C is upper triangular, so its eigenvalues are its diagonal entries (with the
same multiplicities), i.e 3, 0 and 6. Since C'is 3 x 3 and it has 3 different
eigenvalues, C' is diagonalisable.

Warning: an n X n matrix with fewer than n eigenvalues can still be diagonalisable!
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To prove the Diagonalisability Criteria, we first need to prove
Fact: (theorem 7a in textbook): the dimension of the \i-eigenspace is at most
the multiplicity of Ag.

Proof: (sketch, hard) Let A\y = r, and let d be the dimension of the r-eigenspace.
We want to show that (A — r)? divides det(A — \I).

For simplicity, | show the case d = 3. Take a basis of the r-eigenspace: this gives
3 linearly independent eigenvectors vi, vo, v3 corresponding to the eigenvalue r.
By the Linearly Independent Set theorem, we can extend {vi,Vva,Vv3} to a basis of
R"™ called B = {v1,va, V3, Wy,..., Wy}

Let T : R™ — R™ be the linear transformation whose standard matrix is A.

Because T'(v;) =rv;, we haver. o o o
0 r 0 x *
00 r % *
T] =100 0 * .
BB
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So det( [T] — Al,) is: (expanding down the first column each time)
B<+B

r—A O 0 *... % N0 s §

O r— X 0 % ... % r r— X% ... %
0 0O 7»r— X% ... % 0 r—Ax... 0 *x... %
0 0 0 k. a=rA[ O 0 ey

oo o L 0 0 .. x O

= (r — \)®x some polynomial

So (r — \)3 divides det( [T] — MI,,), which is the same as det(A — \I,,) because similar
B+B
matrices have the same characteristic polynomial (and therefore the same eigenvalues):

det(PBP~! — AI) = det(PBP~" — APP™!)
— det(P(B — AI)P™Y)
= det Pdet(B — \I)det(P™1)

1
= det Pdet(B — \X[)——— = det(B — ).
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Write my, for the multiplicity of A\i. We proved on the previous page:
Fact: dimE)\k < my.
We now use it to show Theorem 7b: Diagonalisability Criteria: An n X n
matrix A is diagonalisable (i.e. A has n linearly independent eigenvectors) if and
only if both the following conditions are true:

i the characteristic polynomial det(A — AI) factors completely into linear

factors, i.e. m1 +mo + -+ =n;
il for each eigenvalue )i, we have dim F), = my.

Proof: (sketch)

“if’ part: This is the diagonalisation algorithm:

if il holds, then a basis for each Ey, gives my, linearly independent eigenvectors
corresponding to the eigenvalue \g.

Putting these bases together gives m; + mgo + - - - = n eigenvectors, which are
linearly independent by the Linear Independence of Eigenvectors Theorem (p22).
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Write my for the multiplicity of A\x. We proved on the previous page:
Fact: dlmEAk < my.
We now use it to show Theorem 7b: Diagonalisability Criteria: An n x n
matrix A is diagonalisable (i.e. A has n linearly independent eigenvectors) if and
only if both the following conditions are true:

i the characteristic polynomial det(A — AI) factors completely into linear

factors, i.e. m1 +mo + -+ - = n;
ii for each eigenvalue \g, we have dim F), = my.

Proof: (sketch)

“only if’ part: Given a set of n linearly independent eigenvectors, suppose b of
them correspond to Ay (s0 by 4 by +---=n). (1)

These by, vectors are part of a larger linearly independent set, so they must
themselves be independent.

So we have by linearly independent vectors in E),, thus by < dim E),. (2)

Also dim E, < m;, from the Fact. (3)

Son=b;+by+--- SdimEAl +dimE>\2+--- <mi+mg+---<n,

(1) (2) (3) so all our < must be =.
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Non-examinable: what to do when A is not diagonalisable:

We can still write A as PJP~!, where J is “easy to understand and to compute
with". Such a J is called a Jordan form.

: : : . 1
For example, all non-diagonalisable 2 x 2 matrices are similar to [g )\], where A\
is the only eigenvalue (allowing complex eigenvalues).

(A Jordan form may contain more than

( A 1 \ 10 0
0OXNOO
. one Jordan block, e.g.

A . & 100 A1

000 A

| contains two 2 x 2 Jordan blocks.)

A Jordan block of size-n with eigenvalue A,
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Non-examinable: rectangular matrices (see §7.4 of textbook):

Any m X n matrix A can be decomposed as A = QDP~! where:
P is an invertible n x n matrix with columns p;;
@ is an invertible m x m matrix with columns q;;
D is a “diagonal” m X n matrix with diagonal entries d;;:

dp, 0 o0o0] |4V
11 0 dgo|. So the maximal number of nonzero entries
0 do2 00

0 0 is the smaller of m and n.
Instead of Av; = \;v;, this decomposition satisfies Ap; = d;;q; for all 1 < m,n.

An important example is the singular value decomposition A = UV’ Each
diagonal entry of X is a singular value of A, which is the squareroot of an
eigenvalue of AT A (a diagonalisable n x m matrix with non-negative eigenvalues).
The singular values contain a lot of information about A, e.g. the largest singular
value is the “maximal length scaling factor” of A. (Even for a square matrix, this
is in general not true with the eigenvalues of A, so depending on the problem the

SVD may be more useful than the diagonalisation of A.)
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1 2 ) 3 )
Let A = [2 4]. The linear system Ax = [2] does not have a solution, because
s is not in ColA = Span !
X ColA, ie. all the b 2 — P 21 -
for which Ax =b
3.5 has a solution _ _ )
3 We wish to find a “closest
Ax approximate solution”, i.e. a vector X
25 such that Ax is the unique point in
- I i3] 3 . -
2 [‘;’] ColA that is “closest” to [2] This is
1.5 .
called a least-squares solution (p17).
1
0.5 To do this, we have to first define
what we mean by “closest”, i.e.
1 2 3 . 2 define the idea of distance.
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 11, Page 1 of 27
In R?, the distance between u and v is A

the length of their difference u — v.

So, to define distances in R"”, it's enough u—v
to define the length of vectors.

u
-
A
v1] .
In R?, the length of [01] is \/v? + v3.
2
U1
So we define the length of | : | is \/v? + -+ + v2. v Vo
Un - — >
U1
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360.1, p368: Length, Orthogonality, Best Approximation

It is more useful to define a more general idea:
u1 U1

Definition: The dot product of two vectorsu= | : | andv = | . | in R" is

U’TL UTL
the scalar T
U-v=u Vv =uUiV1 + -+ UpUp.

Warning: do not write uv, which is an undefined matrix-vector product, or
u X v, which has a different meaning. Do not write u?, which is ambiguous.

Definition: The length or norm of v is

VIl = VAT = \Jud e,

Definition: The distance between u and v is |ju — v||.
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u-v:uTV:u1v1+---+unvn.

IVl = Vv v =i+ -+

Distance between u and v is

u—v|.
8
Example: u = 5)
—6
u-v=3-84+0- 5+ 1-—6=2440+ 6= 30.
The distance between u and
3
0 — 5 l -5 :\/(—5)2+(—5)2+52:\/75:5\/§.
—1 —6 5
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Properties of the dot product:

Let u,v and w be vectors in R", and let ¢ be any scalar. Then

a.u-v=v-u symmetry
b. (u+v)-w=u-w+v-.w linearity in each input
c. (cu) v =c(U-V)=U-(cV) separately

d. u-u>0,andu-u =0 ifandonlyifu = 0.positivity; and the only vector
with length 0 is O

Combining parts b and c, one can show

(ciUr + -4+ cpUy) *W =c1(U; *W) + - +cp(U, « W)

So b and c together says that, for fixed w, the function x — x - w is linear - this
is true because x - w = w - x = w’'x and matrix multiplication by w? is linear.
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From property c: )

2 2
lev]® = (ev) - (ev) = c*v.ov = || v[|",

so (squareroot both sides)

lev][ = lef Iv]]-
For many applications, we are interested in vectors of length 1.
Definition: A unit vector is a vector whose length is 1.

Given v, to create a unit vector in the same direction as v, we divide v by its
length ||v] (i.e. take ¢ = HTln in the equation above). This process is called

normalising.

8
Example: Find a unit vector in the same direction as v = 5
—6

Answer: v -v = 82 + 5% + (—6)? = 125. q

\2 1 .
M~ Vi |,
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So a unit vector in the same direction as v is



Visualising the dot product:
In R2, the cosine law says |[u — v|* = |[u||> + ||v||* = 2 |[u]| |[|v]| cos 6.
We can “expand” the left hand side using dot products:

2 (U, U1,)
[lu=v["=(u-v) (u-v) —

=u-u—u-v—v-u+v:-v lla — VI

= f[ulf* = 2u v + v i

Comparing with the cosine law, we see u - v = ||ul| || v|| cos@.

In particular, if u is a unit vector, then v - u = ||v|| cos ¥,
as shown in the bottom picture.

Notice that u and v are perpendicular if and

only if § = 7, i.e. when cosf = 0. This is o U, [
equivalent to u-v = 0. vV-u
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So, to generalise the idea of angles and perpendicularity to R” for n > 2, we
make the following definitions:
- : u-v
Definition: The angle between two vectors u and v is arccosH TV
ull ||v
Definition: Two vectors u and v are orthogonal if u-v = 0.

We also say u is orthogonal to v.
Another way to see that orthogonality generalises perpendicularity:

Theorem 2: Pythagorean Theorem: Two vectors u and v are orthogonal if

and only if [[u+v|” = [[ul® + ||v]”. u+v
Proof:
lutv[* = (u+v)- (utv)
=u-ut+u-v+v-u+v-v
= Jul” +2u- v+ ]
2 2 2 . :
So |lu+v||” = ||ul|” + ||v]” if and only if u-v = 0. 0
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Instead of v being orthogonal to just a single vector u, we can consider
orthogonality to a set of vectors:

Definition: Let W be a subspace of R™ (or more generally a subset).

A vector z is orthogonal to W if it is orthogonal to every vector in WW.

The orthogonal complement of W, written W=, is the set of all vectors orthogonal
to W. In other words, z is in W+ means z-w = 0 for all w in W.

a
Example: Let W be the zz3-plane in R3, ie. W =< |0]|a,b € R
b W
0 0] [a ~
1] is orthogonal to W, because |1| - |0 =0:-a+1-040-b6=0. 7
0 o] |b 0
0
We show on p13 that W= is Span< |1 } W
_O |
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Key properties of W, for a subspace W of R"™:
1. If x is in both W and W+, then x = 0 (ex. sheet #21
q2b). W
2. If W =Span{vy,...,v,}, then y is in W= if and only if u
y is orthogonal to each v; (same idea as ex. sheet q2a,
see diagram). 0
3. W+ is a subspace of R™ (checking the axioms directly is v
not hard, alternative proof p13). ¥
4. dim W + dim W+ = n (follows from alternative proof of vl
3, see pl3). - _ﬂlﬂw
5. If WL =U, then U+ = W. ok

6. For a vector y in R", the closest point in W to y is the
unique point ¥ such that y — ¥ is in W+ (see p15-17).

(1 and 3 are true for any set W, even when W is not a
subspace.)
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Dot product and matrix multiplication:
Remember (week 2 p16, §1.4) the row-column method of matrix-vector multiplication:

103 [ A3 [-2
Example: | 2 6 [ 2} = 2(-2)+6(2)| = | 8.
14 10 14(—2) + 10(2) -8
|G [14] [-2
This last entry is [10] : [ 2].
In general,
—— 1] —— ry - X
L __|x= ; : (%)
— Ty —— Ty, - X
Now consider x € NulA
By (x), this is equivalent to r; -x = 0 for all 7,
By property 2 on the previous page, r-x=0for all r € Span{ry,...,r,;;} = RowA.
I this is equivalent to Semester 2 2020, Week 11, Page 11 of 27
By definition of orthogonal (ROWA)J‘

complement, this is equivalent to

So x € NulA if and only if x € (RowA)-. We have proved
Theorem 3: Orthogonality of Subspaces associated to Matrices: For a

matrix A, (RowA)L = NulA and (ColA)+ = NulAT.

The second assertion comes from applying the first statement to A7 instead of
A, remembering that RowA” = ColA.

A
—_ >

\ /

A C
roV °l 4
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Theorem 3: Orthogonality of Subspaces associated to Matrices: For a matrix
A, (RowA)+ = NulA and (ColA)+ = NulAT.

We can use this theorem to prove that W+ is a subspace: given a subspace W of R",
let A be the matrix whose rows is a basis for W, so RowA = W. Then W+ = NulA,
and null spaces are subspaces, so W= is a subspace.

Futhermore, the Rank Nullity Theorem says dim RowA + dim NulA = n, so

dim W + dim W+ = n.

The argument above also gives us a way to compute orthogonal complements:

a 1 0
Example: Let W = Of|a,b € R ». A basis for W is O, 0] p. Let
b 0 1
A= (1) 8 (1)] Then W = RowA so W+ = Nul4, i.e. the solutions to [(1) 8 (1)] x = 0.
0
SoW+=<s|1||s€ER . Notice dim W +dim W+ =2+ 1 = 3.
0 Semester 2 2020, Week 11, Page 13 of 27

On pl1, we related the matrix-vector product to the dot product:

rm - rm * X
Because each column of a matrix-matrix product is a matrix-vector product,

I I
AB=Alb, ... b,| =|A4b; ... Ab,|,

we can also express matrix-matrix products in terms of the dot product:
the (i, j)-entry of the product AB is (ith row of A) - (jth column of B)

—_— 1] —_— | ‘ ‘ 1] 'b1 r 'bp
bi ... b,| =

r,, —— | | | rym- b1 ... rT,-b,
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Closest point to a subspace:
Theorem 9: Best Approximation Thoerem: Let W be a subspace of R", and y
a vector in R™. Then there is a unique point ¥ in W such that y — ¥ is in W+,

and this ¥ is the closest point in TV to y in the sense that ||y — ¥|| < ||y — v|| for
all vin W with v # §.

1 0 0 5
Example: Let W = Span 0, |1| 3, so W+ = Span 0| 7. Lety = |2].
0 0 1 4
5 0 5
Take ¥ = [2|, theny —§ = [0] isin W+, y[2]
0 4 N
5 y — l\\\\
so y = | 2| is unique point in W that is
. eV
0 0 7 = (2
5 ; 0
[ ]
closest to |2 w
4
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Theorem 9: Best Approximation Thoerem: Let W be a subspace of R"”, and y
a vector in R™. Then there is a unique point ¥ in W such that y — ¥ is in W+,
and this ¥ is the closest point in TV to y in the sense that ||y — y|| < ||y — v|| for
all vin W with v # ¥.

Partial Proof: We show here that, if y — ¥ is in W=, then ¥ is the unique closest
point (i.e. it satisfies the inequality). We will not show here that there is always a §

such that y — ¥ is in W=. (See §6.3 on orthogonal projections, in Week 12 notes.)
We are assuming that y — ¥ is in W-=. (vertical blue edge)

y — v is a difference of vectors in W, so it is in W. (horizontal blue edge)
Soy —¥ and ¥ — v are orthogonal. Apply the Pythagorean Theorem (blue

triangle): o o 2 112 - 2

angle): iy —9)+ (5 =V = Iy — 31+ 15— v

The left hand side is ||y — v||”.

The right hand side: if v £ ¥, then the second

term is the squared-length of a nonzero vector,
. " 2 ~ 112

so it is positive. So |ly — v||” > |ly — ¥||” and so 0

ly — vl > [ly — 31l W ly=viiy
HKBU Math 2207 Linear Algebra
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360.5-6.6: Least Squares, Application to Regression

Remember our motivation: we have an inconsistent equation Ax = b, and we
want to find a “closest approximate solution” X such that AX is the point in ColA
that is closest to b.

Definition: If A is an m x n matrix and b is in R™, then a least-squares solution
of Ax = b is a vector X in R™ such that ||b — A%|| < ||b — Ax]| for all x in R™,

Equivalently: we want to find a vector b in ColA that is closest to b, and then
solve AX = b.

Because of the Best Approximation
Theorem (p15-16): b — b is in (ColA)~*.
Because of Orthogonality of Subspaces
associated to Matrices (pl11-13):
(ColA)+ = NulAT. éAx
So we need b so that b — b is in NulA” Lol '
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The least-squares solutions to Ax = b are the solutions to AXx = b where b is the
unique vector such that b — b is in NulAT.

Equivalently, - )
AT(b—-b)=0
ATb —ATb =0
ATb = AT
ATb = AT Ax

So we have proved:
Theorem 13: Least-Squares Theorem: The set of least-squares solutions of
Ax = b is the set of solutions of the normal equations A7 A% = ATb.

Because of the existence part of the Best Approximation Theorem (that we will
prove later), AT A% = ATb is always consistent.

Warning: The terminology is confusing: a least-squares solution X, satisfying
AT A% = AT, is in general not a solution to Ax = b. That is, usually A% # b.

HKBU Math 2207 Linear Algebra Semester 2 2020, Week 11, Page 18 of 27



Theorem 13: Least-Squares Theorem: The set of least-squares solutions of
Ax = b is the set of solutions of the normal equations A7 A% = A”b.

4 0 2
Example: Let A= [0 2| and b= | 0|. Find a least-"
11 11

squares solution of the inconsistent equation Ax = b.

Answer: We solve the normal equations AT A% = AT b:
[401} Tl 40 1] :
021] |5 ] 0 2 1] |,
17 1].  [19
1577 1
By row-reducing |1 © [*)|, we find % = | }|. Note that A% = |4| #b.
1 5|11 2 3
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1 2
2 4

solutions of the inconsistent equation Ax = b.
Answer: We solve AT A% = ATb:

Example: (from pl) Let A = { ] and b = B] Find the set of least-squares

4 1 2]t 2], [1 2]][3
1 s 2 4|2 4|77 |2 4|2
3L 5 10|, _ [ 7
- b = Ax 10 2017 |14
' . 5107 . . [7/5 [—2
9 Row-reducing 10 20 l1a] BVESX=| "4 + s 1
1.5 [g] where s can take any value. ) )
. 7/5] —2 [ 7/5]
1 _ _
. NotethatAx—A<[ O_+s[ 1])—_14/5_,
’ independent of s: AX is the closest point in
1 5 3 L X ColA to b, which by the Best Approximation

Theorem is uni%ue.
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Observations from the previous examples:
e AT A is a square matrix and is symmetric. (Exercise: prove it!)
e The normal equations sometimes have a unique solution and sometimes have
infinitely many solutions, but AX is unique.
When is the least-squares solution unique?

Theorem 14: Uniqueness of Least-Squares Solutions: The equation Ax = b
has a unique least-squares solution if and only if the columns of A are linearly
independent.

Consequences:
e The number of least-squares solutions to Ax = b does not depend on b, only
on A.
e Because AT A is a square matrix, if the least-squares solution is unique, then it
is X = (ATA)"tATb. This formula is useful theoretically (e.g. for deriving
general expressions for regression coefficients).
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Theorem 14: Uniqueness of Least-Squares Solutions: The equation Ax = b
has a unique least-squares solution if and only if the columns of A are linearly
independent.

Proof 1: The least-squares solutions are the solutions to the normal equations
AT A% = ATb. So
e “unique least-squares solution” is equivalent to Nul(AT' A) = {0}.
e “columns of A are linearly independent” is equivalent to NulA = {0}.
So the theorem will follow if we prove the stronger fact Nul(A% A) = NulA4; in
other words, AT Ax = 0 if and only if Ax = 0.
o If Ax =0, then ATAx = AT (4Ax) = AT0=0.
o If ATAx =0, then ||Ax||* = (4x) - (Ax) = (Ax)T (Ax) = xT AT Ax
= xT(AT Ax) = xT0 = 0. So the length of Ax is 0, which means it must be
the zero vector.
Proof 2: The least-squares solutions are the solutions to AX = b where b is
unique (the closest point in ColA to b). The equation Ax = b has a unique
solution precisely when the columns of A are linearly independent.
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Application: least-squares line

Suppose we have a model that relates two quantities = and y linearly, i.e. we
expect y = By + S1x, for some unknown numbers 3y, 3.
To estimate By and (1, we do an experiment, whose results are

(xlayl)a RIS (xn7yn)
Now we wish to solve (for Bg, £1):

Bo + P1x1 = U1 1 o Y1
Bo + Brz2 = y2 _ L x| |5 Y2
i.e. =
- b1

Bo + B12n = Yn 1 x| | Yn |

Ax = b with // | N\

different notation design parameter observation

matrix vector vector
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We wish to solve (for 39, 51):

- y At 1O

1 x Y1 Data pomL (x.. 7))

Lz 18, _ |2

S 51 ; . )

ot on line — Ay
1 xn | Yn Residual — Residual
X ,8 =Y V=By+Bx

design parameter observation X, x; X,
matrix vector vector

Because experiments are rarely perfect, our data points (z;,y;) probably don't all
lie exactly on any line, i.e. this system probably doesn't have a solution. So we
ask for a least-squares solution.

A least-squares solution minimises ||y — X 3||, which is equivalent to minimising
ly = XBI* = (y1 — (Bo + B121))? + -+ + (yn — (Bo + B1n))?, the sums of the
squares of the residuals. (The residuals are the vertical distances between each

data point and the line, as in the diagram above).
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Example: Find the equation y = Bo + B1x for the least-squares line for the
following data points: = (25718

Answqr: T}le model equation X3 =y is
Bo+p12=1 L L
. . 1 2 1
BAO - 6}5 =2 —» 15 B — 2 s S T TR T RO N TR N B
Bo+ 517=3 L7 3 1 2 3 4567 8 9
5 5 18 3
fo+ 518 =3 LA
The normal equations X7 X3 = X'y are
1 2 1
1 11115 B 111 1) 2
25 7 8|17 12 5 7 8| |3
{ 4 22} 5o 9} Row-reducing gives 3 = [5/14] , so the equation
22 142 o7 of the least-squares line is y = 2/7 + 5/14x.




Application: least-squares fitting of other curves

Suppose we model y as a more complicated function of z, i.e.

y = Bofolx) + P1fi(x) + -+ Brfr(x), where fy, ..., fr are known functions, and
B9, ...,k are unknown parameters that we will estimate from experimental data.
Such a model is still called a “linear model”, because it is linear in the parameters

Boy -y P
Example: Estimate the parameters 31, 82, B3 in the model y = 1z + Box? + B3x3,
given the data x; | 2 3 4 6 7
v | 1.6 2.0 |25 | 31|34
Answer: The model equations are 512 + 3222 + 3323 = 1.6

B13 + B23% + B333 = 2.0, and so on.

(2 4 8] (1.6
3 9 27 2.0
In matrix form: (4 16 64| 3 = [2.5|. Then we solve the normal equations etc...
6 36 216 3.1
7 49 343] 3.4 ]
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So in general, to estimate the parameters 3y, ..., B in a linear model
y = Bofolx)+ B1fi(x) + -+ Brfr(x), we find the least-squares solution to
Bofo(z1) + Bifi(z1) + -+ Brfu(z1) = 1

Bofo(w2) + Brfr(@2) + -+ + Bufr(z2) = y2 parameter

: / vector with
- . - 7 more rows

more general

design matrix fo(z1) filz1) o fu(@)| 7 Y1
\ fo(z2) fi(z2) ... fr(z2) B_O Y2
ie. : : : = came
' ' ' B "~ | observation
_fo($n) filzn) ... fk(iUn)_ S | Yn | vector
(Least-squares lines correspond to the case fy(z) =1, f1(x) = z.)

| east-squares techniques can also be used to fit a surface to experimental data,
for linear models with more than one input variable (e.g. y = By + f1z + Pa2aw,
for input variables x and w) - this is called multiple regression.
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Remember from last week:

Theorem 9: Best Approximation Thoerem: Let W be a subspace of R", and y
a vector in R™. Then there is a unique point ¥ in W such that y — ¥ is in W+,
and this ¥ is the closest point in TV to y in the sense that ||y — ¥|| < ||y — v|| for
all vin W with v # §.

We proved last week that, if ¥ is in W, and y — § is in W=, then ¥ is the unique
closest point in W to y. But we did not prove that a ¥ satisfying these conditions
always exist.

We will show that the function y — ¥ is a linear transformation, called the
orthogonal projection onto W, and calculate it using an orthogonal basis for W'.

Our remaining goals:
§6.2 The properties of orthogonal bases (p2-9)
§6.3 Calculating the orthogonal projection (p10-19)

§6.4 Constructing orthogonal bases (p20-22) Yy
§6.2 Matrices with orthogonal columns (p23-26)
HKBU Math 2207 Linear Algebra
36.2: Orthogonal Bases
Definition: e A set of vectors {v1,...,Vv,} is an orthogonal set if each pair of distinct
vectors from the set is orthogonal, i.e. if v; - v; = 0 whenever i # j.
e A set of vectors {uy,...,u,} is an orthonormal set if it is an
orthogonal set and each u; is a unit vector.
1] [-1 31
Example: 21,1 5|,| O p isan orthogonal set, because
3 -3 —1]
1] [-1 ][ 3 —1 3
21-| 5|=-1410-9=0, |(2|-| 0]|=34+0-3=0, 5/ O0f=—-34+0+3=0.
31 |—3 3] [—1 =3 [—1

To obtain an orthonormal set, we normalise each vector in the set:

1/\/14] [-1//35 3/4/10
2/V/14|, | 5/v35], 0 is an orthonormal set.
3/V14] |[-3/v35] [-1/V10
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EXAMPLE: In R® the set {e;, e3, e5, 5,0} is an orthogonal set, because
eire;=0foralli#j ande;-0=0.

So an orthogonal set may contain the zero vector. But when it doesn't:

THEOREM 4 If {vy,...,v,} is an orthogonal set of nonzero vectors, then it
is linearly independent.

PROOF We need to show that is the only solution to

(%)

Take the dot product of both sides with vy:

C1 + ¢ +-- 40 =
If j #1, thenv; vy = , SO
& + 2 tort o =
Because , we have vy -vy is nonzero, so it must be that ¢; = 0.

By taking the dot product of (x) with each of the other v;s and using this
argument, each ¢; must be 0.



Let {vi,...,V,} is an orthogonal set of nonzero vectors, as before, and use the

same idea with Y =c1V1 + cova + -+ V. (%)

Take the dot product of both sides with v:
y-vi=(avitcave+ - +cpvp)-vi
Y Vi =CV]1:V]+CVy: V] + -+ CpVp-VI.
Using that v; - vi = 0 whenever j # 1:

Yy vy =c1vVy vy +c0 + -+ ¢,0

Since v1 is nonzero, vy - v1 is nonzero, we can divide both sides by v; - v1:
-V

y Vi _ ot

ViV
By taking the dot product of (x) with each of the other v;s and using this

. YV
argument, we obtain ¢; = :

Vj . Vj

So finding the weights in a linear combination of orthogonal vectors is much easier
than for arbitrary vectors (see the example on p6).
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Definition: e A set of vectors {vy,...,Vv,} is an orthogonal basis for a subspace W
if it is both an orthogonal set and a basis for W
e A set of vectors {uy,...,u,} is an orthonormal basis for a subspace
W if it is both an orthonormal set and a basis for .
Example: The standard basis {ey,...,e,} is an orthonormal basis for R".

By the previous theorem, if S is a orthogonal set of nonzero vectors, then S is an
orthogonal basis for the subspace Span(S).

As proved on the previous page, a big advantage of orthogonal bases is:
Theorem 5: Weights for Orthogonal Bases: If {vy,...,v,} is an orthogonal basis
for W, then, for each y in W, the weights in the linear combination

Yy =civi+--+cpVvy A \/
are given by

V. ]
ViV /
4
#
In particular, if {u;,...,u,} is an orthonormal basis, then the weights are ¢; =y - u;.
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10 1 —1 3
Example: Express | 9| as a linear combination of |2|,| 5|, | Of.

0 3 -3 —1
Slow Answer: (works for any basis)

1 -1 3] 10]
2 5 0 9 -
3 -3 —1 0 1 -1 0]1
1 -1 3| 10] Ro/7 {8 (1) (1) Zl))
Ro—2Ry |0 7 —6 |—11 ) -
Rs—3Ri {0 0 =10 |=30 Ri+ Ry |1 0 0 |2
- 0O 1 0|1
1 -1 3 10 00 113
0 7T —6 |—11 - -
RS/ — 10 0 0 1 3_ 10 1 '_1 B 3
Ry —3Rs [1 -1 0 1] So| 9| =2(2|+1| 5| +3]| 0].
Ro+6Rs (0 7 0| 7 0 3 -3 -1
0 0 1 3
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10 1 -1 3
Example: Express | 9| as a linear combination of |2|,| 5|,| O].
0 3 -3 —1

Fast Answer: (for an orthogonal basis) We showed on p2 that these three vectors form
an orthogonal set. Since the vectors are nonzero, the set is linearly independent, and is

therefore a basis for R2. Now use the formula cj = Y Vi :
Vj . Vj
10] [1 10] [—1
_ L O] 3] _ 10+1840 __ L0 3] —104+45+0 _
C1 = 1 1 — 12322132 — 2, Co = 1 1 — (_1)2+52+(_3)2 — 17
3| |3 3 3
10 3
H { ﬂ 10 1 —1 3
_ -1 _ 30+0+0 __ -
€3 =7t 3 —32+0ﬁr(t1)2—3, So | 9 =212| +1 5 +3 0].
0]{ 0] 0 3 -3 —1
~1] [-1
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From the Weights for Orthogonal Bases Theorem: if {uy,..

orthonormal basis for a subspace W in R"™, then each y in W is

y =y wu+---+(y- u)u,

A geometric interpretation of this decomposition in R?:

., u,} is an



A geometric comparison of bases with different properties:

arbitrary basis - orthogonal basis - orthonormal basis -
parallelogram grid rectangular grid square grid
A ? A
® b1 ° b1 ® bl
@ b2
> > >
[ b2 ¢ b2
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36.3: Orthogonal Projections

Recall that our motivation for defining orthogonal bases is to calculate the unique
closest point in a subspace.

Let W be a subspace, and {vy,...,v,} be an orthogonal basis for W. Let y be
any vector, and § be the vector in W that is closest to y.

Since y is in W, and {v1,...,Vv,} is a basis for W, we must have

Yy =civi+ -+ ¢V, for some weights cq, ..., cp.

We know from the Best Approximation Theorem that y — ¥ is in W=. By the
properties of W=, it's enough to show that (y — §) - v; = 0 for each i. We can

use this condition to solve for ¢;: (y—9) - vi=0
(y —c1vi —cave — - —¢pvp) - v =0
Y V]I —C1V1 -V —02V2'V1—"'—Cpr'V1 :O
y:-vi—c1vy vy —c20 — - =0 =0
y - Vi . y -V,
SO ] = . Similarly, ¢; = .
Vi -V V; -V,
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 12, Page 10 of 28

So we have proved (using the Best Approximation Theorem to deduce the uniqueness
of ¥):

Theorem 8: Orthogonal Decomposition Theorem: Let W be a subspace of R".
Then every y in R™ can be written uniquely as y = ¥ + z with ¥ in W and z in W+,
In fact, if {v1,...,v,} is any orthogonal basis for W, then

V1 Yy vy
Vit
ViV Vp - Vp

N vy, and z=y-y.
(Technically, to complete the proof, we need to show that every subspace has an
orthogonal basis - see p20-22 for an explicit construction.)

Definition: The orthogonal projection onto W is the function projy;, : R — R"™ such
that projy, (y) is the unique ¥ in the above theorem. The image vector projy, (y) is
the orthogonal projection of y onto W.

The uniqueness part of the theorem means that the projy, (y) does not depend on the
orthogonal basis used to calculate it.
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§ 1 —1
Example: Lety = | 7|,vi= [2|,vo=| 5| andlet W = Span {vy,va}.
—2 3 -3

Find the point in W closest to y and the distance from y to W,
Answer: vy - vy =0, so {vy, vy} is an orthogonal basis for W. So the point in W

closest to y is 61 11 T 61 T—1]
{ 7]- 2 1 -1 5 —1
. Y Y _ _
PFOJW(y):y 1v1—|—y 2vy =LA B g 22 LS g
Vi - V] Vo - Vo H H 5 —1] [—-1 5
2112 5[] b5 o
3] |3 3] | 3
_ 6146 | —6+35+6 ||l |7 |
— 92 2 2 _1)2 2 _9\2 - -
12422 +3% 141 (=12 +5%+(=3) 3 3 3 0
6 0 6
So the distance from y to W is ||y — Projy (y)|| = TI—=17|| = 0] | = v40.
—2 0 —2
HKBU Math 2207 Linear Algebra Semester 2 2020, Week 12, Page 12 of 28

Theorem 8: Orthogonal Decomposition Theorem: Let W be a subspace of R".
Then every y in R™ can be written uniquely as y = ¥ + z with ¥ in W and z in W=,
In fact, if {v1,...,v,} is any orthogonal basis for W, then

N . Yy Vi y v
y = Projw(y) = Vit 2
Vi V1 Vp - Vp

A

vp and z=y Y.

The Best Approximation Theorem tells us that ¥ and z are unique, but here is an
alternative proof that does not use the distance between ¥ and y.

Suppose y =y +z and y = ¥ + z; are two such decompositions, so ¥,y are in W,

- 1
and z,z; are in W—, and Vy+z=3%1+2

y-—Y1=21—z
LHS: Because y,¥y1 are in W and W is a subspace, the difference y — y1 is in W.
RHS: Because z,z; are in W+ and W is a subspace, the difference z; — z is in W .

So the vector ¥ — ¥, = z; — z is in both W and W, this vector is the zero vector
(property 1 on week 11, p10). So y = y1 and z; = z.
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Theorem 8: Orthogonal Decomposition Theorem: Let W be a subspace of R".
Then every y in R™ can be written uniquely as y = ¥ + z with ¥ in W and z in W+,
In fact, if {v1,...,Vv,} is any orthogonal basis for W, then

- : Yy Vi y v
§ = Projip(y) = 2ty oo 20
V1V Vp - Vp

vy, and z=y-—y.

The formula for Projy, (y) above is similar to the Weights for Orthogonal Bases
Theorem (p5). Let's look at how they are related.

For a vector y in W, the Weights for Orthogonal Bases Theorem says that

y = 3’ vi+--+ 3":” » = Projyy(y). This makes sense because, if y is
. :

already in W then the closest point in W to y must be y itself.

If y is not in W, then suppose {vi,...,v,} is part of a larger orthogonal basis

{vi,...,Vp,Vpt1,...,V,} for R". So the Weights for Orthogonal Bases Theorem

Yy Vi y v Y Vp+1 Y Vn
says that y = vi+ -+ P v, + P Vppl 4+ —"v,

) Projyry V1
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If an orthogonal basis {vi,...,v,} for W is part of a larger orthogonal basis

{vi,...,Vp,Vpi1,...,V,} for R™, then
Y Vi Y Vp Y Vp+1 Y Vn
y = vi+4 -+ vy + p Vol + o v,

-~ -~

Projyyy Z

Example: Consider the orthonormal basis {e;, ez, e3} for R?. Let

5)
W =Span{ej,ez}, andy = |2| =5e; + 2e2 + 4degs. [5]
Projyy z 4

So Projyy (y) = , as we saw week 11 p15.

S N Ot

So, informally, the orthogonal
projection “changes the coordinates |44

outside W to 0",
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If an orthogonal basis {vy,...,v,} for W is part of a larger orthogonal basis

{vi,.. ., Vp, Vpy1, ..., vy} for R?, then
y- vi Yy v, Y- Vpt Yy Vv,
y: V1++ Vp+ Vp+1+...+ VTL'
\Vl 4! Vp - Vp . yp-i-l " Vp+1 Vn * Vp ,
Projyy z
What is z7
a) {Vpt1,...,Vys} is an orthogonal set because
b) {vp+1,...,V,} is linearly independent because
c) {Vpi1,---,Vn}isin W because
d) {vpi1,...,V,} is a basis for W+ because
So {Vpi1,---,Va} is an orthogonal basis for W+, and so
Y Vpu y- v, .
Z=—"——"—"Vp+-+ v, = Proj,.y.
Vp+1 * Vp+1 Vn - Vp

Another way to phrase this:
y = Projyy + Projy.y.
In other words, Projyy = y — Projy,.y, and this is sometimes useful in

computations, e.g. if you already have an orthogonal basis for W+ but not for
W, then Projy, .y is easier to find than Proj,, y (see Homework 6 Q3).



Let W be a subspace of R™. If {uy,...,u,} is an orthonormal basis for IV,
then, for every y in R”,

projyyy = (y - up)ug + - - + (y - up)u,.

Thinking about projy, : R" — R"™ as a function:

We saw a special case in Week 4 §1.8-1.9:

Projection onto the;-axis

X2 X2
oL
0] !
© X +
[1] 1 o 1
0 0 0



Properties of projy, : R™ — R™ from the picture (exercise: prove them algebraically):

a. projy, is a linear transformation (ex. sheet #25 Qla).

b. projy, (y) =y if and only if y is in W, z=y-y y

c. The range of projy, is W. |

d. The kernel of projy, is W (ex. sheet #25 Ql1b). |

e. projiy = projy (ex. sheet #25 Qlc). —

f. projy, + projy . is the identity transformation (p16). 0 ¥ = projy,y
w

Non-examinable: instead of using the formula for projy;,, we can prove these properties
from the existence and uniqueness of the orthogonal decomposition, e.g. for a: if we have
orthogonal decompositions y1 = projy (y1) + z1 and ys = projy, (y2) + 22, then
cy1 + dya = c(projyy (y1) + 21) + d(projyy, (y2) + 22)
= cprojyy (y1) + dprojyy (y2) + cz1 + dzp

in w in wt
Since the orthogonal decomposition is unique, this shows
projW(cy1 + d}’2) = cprojW(yl) + dPrOJW(Y2)- Semester 2 2020, Week 12, Page 18 of 28

The orthogonal projection is a linear transformation, so we can ask for its standard
matrix. (It is faster to compute orthogonal projections by taking dot products (formula
on pll) than using the standard matrix, but this result is useful theoretically.)
Theorem 10: Matrix for Orthogonal Projection: Let {uy,...,u,} be an

orthonormal basis for a subspace W, and U be the matrix U = |u; ... u,

Then the standard matrix for projy, is [proj, ], = UU™.
Proof:

N N A
U0y =|u; ... w||__ :© __|y=|u ... u
| ‘ ‘ —— u, —— ‘ | | Uy -y
= (ul . y)ul _|_ o0 _|_ (up . y)up
Tip: to remember that [proj, | = UU? and not UX'U (which is important too, see
p23), make sure this matrix is n X n.

HKBU Math 2207 Linear Algebra Semester 2 2020, Week 12, Page 19 of 28



360.4: The Gram-Schmidt Process

This is an algorithm to make an orthogonal basis out of an arbitrary basis.

4 2 ¥
3
Example: Let x; = |2| ,xo = [1| and let W = Span {x1,x2}.
0 3
Construct an orthogonal basis {vy,va} for W,
4
Answer: Let vi =x; = |2], and let W; = Span {v;}. vk
0 2 \\\ W
By the Orthogonal Decomposition Theorem, \\‘sz
X2 — Projyy, (x2) is orthogonal to Wl.x v il —x,
_ . . 2"Vl 0 !
So let vy = x5 — projyy, (x2) = X2 — — \%1 :
2 8192140 4 0 . pProjyy, (x2)
= [1] — 212250 2] = |0 1
3 Tl |3 V=X,
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For subspaces of dimension p>2 , we repeat this idea p times, like this:

_ T PR
0 5 7 . .

EXAMPLE Letx;= | X2 = Pt X3 = ) , and suppose {X1,Xz,x3} is a basis for a
0 0

subspace W of R*. Construct an orthogonal basis for .

Solution:
0
Vi =X1 = . , W1 =Span{vi}.
0
_ . _ _ _
Vo = Xo — Prole(Xz)Z = 3 _ 0 —
-6 -1
D
0 0
Check our answer so far:
Let W2=Span{vi,vz}
V3 = X3 - PI‘OjW2 (X3)=
D
_ P _ — \ - |
_ _ 0 + 5 -
- q 3
0 0

Check our answer:



In general:

Theorem 11: Gram-Schmidt: Given a basis {x;,...,x,} for a subspace W of
R", define  vi =% \2 ) X5
X9+ V1 i
Vo = X9 — ——V1 I
Vi-Vi |
1
X3 V1 n X3 V9 o
V3=X3— |\ —— Vit —_ V2 0 i
Vi-Vy Vo * Vo proJW2 (X3)

1
W, = Span{v,, v,}

Xp V1 Xp - Vy_1q
Vp:Xp_<p7V1_|_...+ p p Vp—l)
ViV Vp—1+Vp—1

Then {vi,...,v,} is an orthogonal basis for W, and
Span{vy,...,vi} = Span{xy,...,x;} for each k between 1 and p.

In fact, you can apply this algorithm to any spanning set (not necessarily linearly

independent). Then some vis might be zero, and you simply remove them.
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pp361-362: Matrices with orthonormal columns

This is an important class of matrices.

Theorem 6: Matrices with Orthonormal Columns: A matrix U has

orthonormal columns (i.e. the columns of U are an orthonormal set) if and only if
Ul = 1.

Proof: Let u; denote the ith column of U. From the row-column rule of matrix
multiplication (week 11 p14):

- U7 — | ‘ ’ u; -u; ... up - Uy
u; ... Up| =
—— u, —— | | | u,-u; ... Up,-u,
so UTU = I if and only if u; - u; = 1 for each i (diagonal entries), and
u; - u; = 0 for each pair i # j (non-diagonal entries).
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Theorem 7: Matrices with Orthonormal Columns represent Length-
Preserving Linear Transformations: Let U be an m X n matrix with
orthonormal columns. Then, for any x,y € R",

(Ux)-(Uy) =x"-y.

Ux|| = [|x]| for all x, and (Ux) - (Uy) =0 if and only if x -y = 0.

In particular, |

Proof: - - -
(Ux) - (Uy)=Ux)"(Uy)=xU'Uy=x"y=x"y.

because UTU = I,,, by
the previous theorem

Length-preserving linear transformations are sometimes called isometries.
Exercise: prove that an isometry also preserves angles; that is, if A is any matrix
such that || Ax|| = ||x|| for all x, then (Ax) - (Ay) = x -y for all x,y. (Hint:
think about x +y.)
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An important special case:
Definition: A matrix U is orthogonal if it is a square matrix with orthonormal
columns. Equivalently, U1 = U™,

Warning: An orthogonal matrix has orthonormal columns, not simply orthogonal
columns.

cosf) —sinf

Example: The standard matrix of a rotation in R? is U = | .
sinf  cosf

], and this

is an orthogonal matrix because
UT — [ cos 6 sin@] [COSH —Siﬂ@] B [60829+Sin29 0 ] B [1 O]

—sinf cos@| |sinf cosf 0 cos? 6 + sin? 6 01

It can be shown that every orthogonal 2 x 2 matrix U represents either a rotation
(if det U = 1) or a reflection (if det U = —1). (Exercise: why are these the only
possible values of det U?) An orthogonal n x n matrix with determinant 1 is a
high-dimensional generalisation of a rotation.
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Recall (week 9 p7, §4.4) that, if B={uy,...,u,} is a basis for R", then the
change-of-coordinates matrix from B-coordinates to standard coordinates is

P =fu ... u
s )T
So an orthogonal matrix can also be viewed as a change-of-coordinates matrix from
an orthonormal basis to the standard basis.
Question: Given x, how can we find [x]|57

Answer 1:

x|p= P x= P x=U"'x=U"x=|__ : __|x=
B+E& E+B
_ u, _ u, X

Answer 2: By the Weights for Orthogonal Bases Theorem,
x = (x-up)u; + -+ (x - uy)u,, so, by the definition of coordinates,

x|p=(x-ug,...,x uy,).
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Non-examinable: distances for abstract vector spaces

On an abstract vector space, a function that takes two vectors to a scalar
satisfying the symmetry, linearity and positivity properties (week 11 p5) is called
an inner product. The inner product of u and v is often written (u,v) or (u|v).
(So the dot product is one example of an inner product on R", but other useful
inner products exist; these can be used to compute weighted regression lines, see
§6.8 of the textbook)

Many common inner products on C([0, 1]), the vector space of continuous
functions, have the form
(f,g) / Ft)g(t)w(t) dt

for some non-negative weight function w(t). Orthogonal projections using these
inner products compute polynomial approximations and Fourier approximations to
functions, see §6.7-6.8 of the textbook.

Applying Gram-Schmidt to {1 t,t2,. } produces various families of orthogonal

olynomials, which is a big field of study
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With the concept of inner product, we can understand what the transpose means
for linear transformations:

First notice: if A is an m X n matrix, then, for all v in R™ and all u in R™:

(ATu) - v =ATw)!'v=ulAv = u- (Av)
—— ——
dot product in r~ dot product in r™

So, if A is the standard matrix of a linear transformation 7 : R™ — R™, then AT

is the standard matrix of its adjoint 7™ : R™ — R™ , which satisfies
(T"u)-v=u-(Tv).

or, for abstract vector space with an inner product:

(T"u,v) = (u,Tv).

So symmetric matrices (AT = A) represent self-adjoint linear transformations
(T* =T). For example, on C([0,1]) with any integral inner product, the

multiplication-by-z function f — «f is self-adjoint.
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37.1: Diagonalisation of Symmetric Matrices

Symmetric matrices (A = AT arise naturally in many contexts, when a;; depends
on i and j but not on their order (e.g. the friendship matrix from Homework 3
Q7, the Hessian matrix of second partial derivatives from Multivariate Calculus).
The goal of this section is to observe some very nice properties about the
eigenvectors of a symmetric matrix.

Example: A = B 3 is a symmetric matrix.
3 2] [-1 —1 —1] . .
_2 0_ _ 2] = —1 [ 2], SO _ 2] Is a —1-eigenvector.
3 2] 2 2 2] . .
2 0 1] =4 [1] SO 1] is a 4-eigenvector.
o : ] — 2 .
Notice that the eigenvectors are orthogonal: [ 2] : [1] = 0. This is not a
coincidence...
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Theorem 1: Eigenvectors of Symmetric Matrices: If A is a symmetric matrix,
then eigenvectors corresponding to distinct eigenvalues are orthogonal.

Compare: for an arbitrary matrix, eigenvectors corresponding to distinct
eigenvalues are linearly independent (week 10 p22).

Proof: Suppose v; and vy are eigenvectors corresponding to distinct eigenvalues
)\1 and )\2. Then
(AVl) “ Vo = ()\1V1) “ Vo = )\1(V1 'V2)7

and
Vi (AVQ) =V- ()\QVQ) = )\Q(V]_ -Vg).

But the two left hand sides above are equal, because (see also week 12 p28)

(AVl) Vo = (AVl Vo = ng = V- AVQ)

A is symmetric
So the two right hand sides are equal: A1(vy - va) = Aa(vy - va). Since Ay # Ao,
it must be that v; - vo = 0.
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Remember from week 10 §5:

Definition: A square matrix A is diagonalisable if there is an invertible matrix P and
a diagonal matrix D such that A = PDP~ 1.

Diagonalisation Theorem: An n x n matrix A is diagonalisable if and only if A has
n linearly independent eigenvectors. Those eigenvectors are the columns of P.

Given our previous observation, we are interested in when a matrix has n orthogonal
eigenvectors. Because any scalar multiple of an eigenvector is also an eigenvector,
this is the same as asking, when does a matrix have n orthonormal eigenvectors, i.e.
when is the matrix P in the Diagonalisation Theorem an orthogonal matrix?
Definition: A square matrix A is orthogonally diagonalisable if there is an
orthogonal matrix P and a diagonal matrix D such that A = PDP~!, or
equivalently, A = PDPT

We can extend the previous theorem (being careful about eigenvectors with the same
eigenvalue) to show that any diagonalisable symmetric matrix is orthogonally
diagonalisable, see the example on the next page.
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4 -1 -1

Example: Orthogonally diagonalise B= |—1 4 —1|, i-e. find an orthogonal P
—1 —1 4| and diagonal D with
Answer: B = PDP~ !

Step 1 Solve the characteristic equation det(B — AI) = 0 to find the eigenvalues.
Eigenvalues are 2 and 5.
Step 2 For each eigenvalue A, solve (B — \I)x = 0 to find a basis for the A-eigenspace.

1 -1 |—-1
This gives < [1| » as a basis for the 2-eigenspace, and 1(,| Ofp as a basis for
1 0 1

the b-eigenspace. Notice the 2-eigenvector is orthogonal to both the 5-eigenvectors,
but the two 5-eigenvectors are not orthogonal.

Step 2A For each eigenspace of dimension > 1, find an orthogonal basis (e.g. by
Gram-Schmidt) Applying Gram-Schmidt to the above basis for the 5-eigenspace

—1|[|-1/2 —1] (-1
gives 1|,|—=1/2] 5. To avoid fractions, let's use 1{,| =11, which is still
0 1 0 2
HKBU an orthogonal set. Summer 2018 edition, Week 13, Page 4 of 9

Step 2B Normalise all the eigenvectors
1//3 —1/v2] [-1/V6
1//3| ¢ is an orthonormal basis for the 2-eigenspace, and 1/v2|,| -1/v6
1//3 0] | 2/v6
is an orthonormal basis for the 5-eigenspace.
Step 3 Put the normalised eigenvectors from Step 2B as the columns of P.
Step 4 Put the corresponding eigenvalues as the diagonal entries of D.
1/V/3 —1/vV/2 —1/6 2
P=11/v/3 1/vV/2 —-1/V/6|,D= |0
1//3 0 2/v6 0
Check our answer:
1/vV3 —1/v2 —1/V6]2 0 0] 1/V3 1/V3 1/V3 4 -1 -1
PDPT=|1/v/3 1/v2 —1/V/6[|0 5 0||-1/vV2 1/V2 0|=|-1 4 —1{.
1/V/3 0 2/v6[[005]|-1/v6 —1/v6 2/v/6] |-1 -1 4

00
5 0
05
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A geometric illustration of "orthonormalising” the eigenvectors:




This algorithm shows that any diagonalisable symmetric matrix is orthogonally
diagonalisable.

Amazingly, every symmetric matrix is diagonalisable:

Theorem 3: Spectral Theorem for Symmetric Matrices: A symmetric matrix
is orthogonally diagonalisable, i.e. it has a orthonormal basis of eigenvectors.
(The name of the theorem is because the set of eigenvalues and multiplicities of a
matrix is called its spectrum. There are spectral theorems for many types of linear
transformations.)

The reverse direction is also true, and easy:
Theorem 2: Orthogonally diagonalisable matrices are symmetric: If
A = PDP~! and P is orthogonal and D is diagonal, then A is symmetric.

Proof:
00 AT:(P)T:(PL@)T:(PT)T: SDPT — A,

P is orthogonal D is diagonal
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A diagram to summarise what we know about diagonalisation:

Diagonalisable matrices: has n linearly
independent eigenvectors

Matrices with n

distinct eigenvalues Symmetric
matrices: has n
orthogonal
eigenvectors
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Non-examinable: ideas behind the proof of the spectral theorem
Because we need to work on subspaces of R™ in the proof, we consider self-adjoint
linear transformations ((7u) - v = u - (1'v)) instead of symmetric matrices. So we want
to show: a self-adjoint linear transformation has an orthogonal basis of eigenvectors.
The key ideas are:
1. Every linear transformation (on any vector space) has a complex eigenvector.
Proof: Every polynomial has a solution if we allow complex numbers. Apply this to
the characteristic polynomial.
2. Any complex eigenvector of a (real) self-adjoint linear transformation is a real
eigenvector corresponding to a real eigenvalue. (We won't comment on the proof.)
3. Let v be an eigenvector of a self-adjoint linear transformation 7', and w be any
vector orthogonal to v. Then T'(w) is still orthogonal to v.
Proof: v (T'(w)) = (T(v))-w=Av-w = X0 =0.
Putting these together: if T': R™ — R™ is self-adjoint, then by 1 and 2 it has a real
eigenvector v. Let W = (Span {v}), the subspace of vectors orthogonal to v. By 3,
any vector in W stays in W after applying 7" (i.e. W is an invariant subspace under T'),
so we can consider the restriction T': W — W, which is self-adjoint. So repeat this
argument on W (i.e. use induction on the dimension of the domain of T').





